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THE RELATIVELY PERFECT GREENBERG TRANSFORM AND
CYCLE CLASS MAPS
ALESSANDRA BERTAPELLE AND TAKASHI SUZUKI
Abstract. Given a scheme over a complete discrete valuation ring of mixed charac-
teristic with perfect residue field, the Greenberg transform produces a new scheme over
the residue field thicker than the special fiber. In this paper, we will generalize this
transform to the case of imperfect residue field. We will then construct a certain kind
of cycle class map defined on this generalized Greenberg transform applied to the Ne´ron
model of a semi-abelian variety, which takes values in the relatively perfect nearby cycle
functor defined by Kato and the second author.
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2 ALESSANDRA BERTAPELLE AND TAKASHI SUZUKI
1. Introduction
1.1. Aim of the paper. The Greenberg transform (also called Greenberg realization) is
a process that, given any scheme X over a complete discrete valuation ring OK , defines a
canonical k-scheme structure on the setX(OX) ofOK-valued points, where k is the residue
field of OK assumed to be perfect of characteristic p > 0. This transform (or functor) is
originally defined by Greenberg [Gre61] and applied in many situations ([Be´g81], [BT14],
[CLNS18], [Lip76], [NS08], [Ser61], [Suz20]). A modern and thorough account on its
foundation can be found in [BGA18a]. Our first goal in this paper is to generalize this
transform to the case where the residue field k is not necessarily perfect but has [k : kp] <
∞.
Complete discrete valuation rings with such residue field show up in geometry. A typical
example is the completed local ring of a normal scheme flat of finite type over Zp at the
generic point of an irreducible component of the special fiber. An explicit example is the
p-adic completion of the local ring Zp[t](p), which is absolutely unramified with residue
field Fp(t). A more “local” type of examples is the ring of integers of a higher-dimensional
local field ([Kat79], [Par84], [FK00]).
The main difficulty with imperfect k is the poor behavior of the ring W (k) of p-typical
Witt vectors of k. In particular, OK does not admit a canonical algebra structure over
W (k). This makes it hard to utilize the functorial property of W to define a functor that
a Greenberg transform should represent.
In this paper, we deal with this problem by defining our Greenberg transform as a
relatively perfect scheme over k. A relatively perfect k-scheme Y is a k-scheme such that
the relative Frobenius morphism Y → Y (p) over k is an isomorphism ([Kat86], [Kat87]).
When k is perfect, this agrees with the usual definition of perfect schemes, and the perfect
scheme version of the Greenberg transform already appears in the literature (see [Be´g81],
[BGA18a, Section 12] for example). In several situations, what matters is the perfection
of the Greenberg transform rather than the Greenberg transform itself; compare [Ser61]
with [DG70, Appendix] for example. For general k, using Kato’s notion of canonical
lifting [Kat82, Definition 1] of a relatively perfect k-scheme, we will define our relatively
perfect Greenberg transform and prove its existence.
Assuming K has characteristic 0, our next goal is to apply our relatively perfect Green-
berg transform to define a certain kind of cycle class map. Our cycle class map takes
values in the relatively perfect nearby cycle RmΨ defined in [KS19]. This nearby cycle
functor is p-adic in nature, while our Greenberg transform is more algebraic. The Green-
berg transform provides an object “before p-adic completion” of the p-adic nearby cycle.
We will define a canonical morphism from the relatively perfect Greenberg transform of
the Ne´ron model of a semi-abelian variety G over K = OK [1/p] to R
1Ψ(TpG), where TpG
is the p-adic Tate module of G. We call this morphism the relatively perfect cycle class
map for G in degree 1. We will show that its p-adic completion is a closed immersion for
general G and an isomorphism for any torus G.
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Of course we want to treat more general motives than just semi-abelian varieties and
higher degree nearby cycles RmΨ with m > 1. But we do not have such a generalization at
present. From this motivic viewpoint, our relatively perfect Greenberg transform should
be considered as an example of an “e´tale motivic nearby cycle with p-torsion”; compare
this with the picture presented in the second author’s article in [GHHKK19, p.1747,
Section 3].
1.2. Main results. Now we formulate (a special case of) our results. LetK be a complete
discrete valuation field with ring of integers OK and residue field k such that k has
characteristic p > 0 and [k : kp] < ∞. For a relatively perfect k-algebra R, its Kato
canonical lifting [Kat82, Definition 1] is a unique complete flat OK-algebra h(R) together
with an isomorphism h(R)⊗OK k
∼= R. In particular, h(k) is just OK .
Theorem 1.1. Let X be an OK-scheme. Consider the functor
FX : R 7→ X(h(R))
from the category of relatively perfect k-algebras to the category of sets. This functor is
representable by a relatively perfect k-scheme. We call the object representing FX the
relatively perfect Greenberg transform of X and denote it by GrRP(X).
In particular, GrRP(X)(k) = X(OK). Hence Gr
RP(X) is a canonical relatively perfect
k-scheme structure on X(OK).
Actually we prove more precise and general results. The ring OK may be replaced by
any complete noetherian local ring with residue field k or W (k). Also, for any m > 0, we
will give a “finite level” relatively perfect Greenberg transform of an OK/p
m
K-scheme X ,
where pK is the maximal ideal of OK . View this construction as associated with the data
Spec k →֒ SpecOK/p
m
K . This data may be generalized to a certain more general nilpotent
thickening T →֒ S of not necessarily affine schemes (see the beginning of Section 4 for the
precise conditions needed). In this setting, we will define a relatively perfect Greenberg
transform that assigns to any S-scheme a relatively perfect T -scheme.
We also define a certain finite level Greenberg transform “before relative perfection”
associated with the data Spec k →֒ SpecOK/p
m
K . Its relative perfection (see below) re-
covers the finite level relatively perfect Greenberg transform. This should serve the needs
of those who are unfamiliar with relatively perfect schemes and/or concerned with the
information lost by relative perfection (such as nilpotents). However, this construction
has a problem: it does not recover the usual Greenberg transform even if k is perfect;
and for general k, its natural inverse limit in m is automatically relatively perfect. In
this sense, the relatively perfect Greenberg transform still seems to be the only possible
construction in the infinite level, imperfect residue field situation.
Before the next theorem, we recall the relatively perfect nearby cycle functor RmΨ from
[KS19]. By [Kat86, Proposition 1.4], the inclusion functor from the category of relatively
perfect k-schemes to the category of all k-schemes admits a right adjoint Y 7→ Y RP.
The scheme Y RP is called the relative perfection of Y . We say that a k-scheme Y is
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relatively perfectly smooth ([KS19, Section 2]) if it is Zariski locally isomorphic to the
relative perfection of a smooth k-scheme. The category of relatively perfectly smooth
k-schemes endowed with the e´tale Grothendieck topology is a site, which we denote by
Spec kRPS. We denote by Ab(kRPS) the category of sheaves of abelian groups on Spec kRPS.
Let SpecKEt be the category of K-schemes endowed with the e´tale topology and Ab(KEt)
its category of sheaves of abelian groups. Assume that K has characteristic 0. For any
m ≥ 0, by [KS19, Corollary 3.3], the functor
RmΨ: Ab(KEt)→ Ab(kRPS)
is given by sending F ∈ Ab(KEt) to the e´tale sheafification of the presheaf
R 7→ Hm(h(R)⊗OK K,F ),
where R runs through relatively perfectly smooth k-algebras. All the Ne´ron models in this
paper are Ne´ron lft (locally finite type) models in the terminology of [BLR90, Chapter
10].
Theorem 1.2. Let G be a semi-abelian variety over K with Ne´ron model G over OK .
Denote the kernel of the multiplication-by-pn morphism on G by G[pn]. Let N be a p-
primary finite Galois module over K.
(1) For any m ≥ 0, the sheaf RmΨN ∈ Ab(kRPS) is represented by an affine relatively
perfectly smooth k-scheme.
(2) Set R1Ψ(TpG) = lim←−n
R1Ψ(G[pn]). Then there exists a canonical morphism
clp : Gr
RP(G)→ R1Ψ(TpG)
of relatively perfect group schemes over k, which we call the relatively perfect cycle
class map for G in degree 1.
(3) Let ksep be a separable closure of k. Let Kˆur be the corresponding completed un-
ramified extension of K. Then the ksep-valued points of clp is the canonical map
G(Kˆur)→ H1(Kˆur, TpG)
given by the coboundary map of the Kummer sequence, where the right-hand side
is the continuous cohomology of the p-adic Tate module TpG.
(4) The morphism
cl∧p : Gr
RP(G)∧p → R1Ψ(TpG)
induced by clp via p-adic completion is a closed immersion. It is an isomorphism
if G is a torus.
Statements (2) and (3) say that the coboundary map of the Kummer sequence preserves
the canonical relatively perfect scheme structures over the residue field k.
Statement (1) is essentially proved in [KS19, Proposition 6.1] when N is a Tate twist
of Z/pZ. We need to generalize it to include the case of N = G[pn] for all G and n.
The minimal extension of K that trivializes the Galois action on N can have inseparable
residue field extension. We will deal with this by Weil restrictions.
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1.3. Organization. In Section 2, we recall relatively perfect schemes and relative per-
fection and prove a key proposition (Proposition 2.6) about a nice behavior of the Witt
vector functor applied to relatively perfect algebras. In Section 3, we recall the Kato
canonical lifting h(Q) of a relatively perfect algebra Q and generalize it to the non-affine
case. In Section 4, we discuss sheaf-theoretic properties of the finite-level version of the
functor FX (and its generalizations) that appears in Theorem 1.1. In Section 5, we prove
the representability of the finite level FX in the cases of interest and give some properties
of the representing objects when X is smooth. In Section 6, we prove the representability
of the infinite level FX as stated in Theorem 1.1. In Section 7, we discuss a Greenberg
transform before relative perfection and its relation to the relatively perfect Greenberg
transform. In Section 8, we give some foundational results about relative perfections of
smooth group schemes over k. In Section 9, we construct the relatively perfect cycle class
map and prove its properties. Then Theorem 1.2 (1) follows from Proposition 9.6 and
the other assertions in the theorem are immediate consequences of Definition 9.13 and
Propositions 9.11 and 9.14.
Acknowledgments. This work started from the second author’s visit to the first author
at the University of Padua in 2018. The second author is grateful for the hospitality
and the excellent work environment provided by the University of Padua resulting this
collaboration.
Notation and Conventions. We fix a prime number p. We denote by WN the Fp-group
scheme of p-typical Witt vectors of length N . Rings are tacitly assumed to be associative
and commutative with unit and ring homomorphisms send unit to unit.
2. Relative perfection
Let T be an Fp-scheme. Recall that T is said to be perfect (respectively, semi-perfect) if
the absolute Frobenius FT : T → T is an isomorphism (respectively, a closed immersion).
More generally, a scheme Y over T is said to be relatively perfect (respectively, relatively
semi-perfect) over T if the canonical morphism FY/T : Y → Y
(p) := Y ×T,FT T (the
relative Frobenius morphism) induced by the absolute Frobenius FY is an isomorphism
(respectively, a closed immersion).
Y
FY
((
FY/T
//

Y (p)


// Y

T T
FT
// T
Note that Y is relatively perfect over T if and only if FY is the base change of FT . If T
is perfect, then any relatively perfect scheme over T is perfect and conversely. Note that
the notation Y (p) is not ambiguous as long as T is fixed.
Let (Sch/T ) denote the category of T -schemes and let (RPSch/T ) be the full sub-
category of (Sch/T ) consisting of all relatively perfect schemes over T . Let (RPAff/T )
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be its full subcategory consisting of affine schemes. Note that if Y is perfect and T is
semi-perfect, then Y is relatively perfect over T . However there exist perfect schemes Y
not relatively perfect over T : for example, consider the field of rational functions in one
variable Fp(x) and its algebraic closure Fp(x)
a; then Y = SpecFp(x)
a is perfect but not
relatively perfect over T = SpecFp(x). More general counterexamples can be constructed
using the fact that if Y is relatively perfect over T then Y → T is formally e´tale [Kat86,
Lemma 1.3].
Proposition 2.1. Assume that FT is a finite, locally free morphism. Then the inclusion
functor (RPSch/T )→ (Sch/T ) has a right adjoint ( )RP : (Sch/T )→ (RPSch/T ).
This proposition is proved in [Kat86, Proposition 1.4] and the relative perfect scheme
Y RP associated with a T -scheme Y is called the relative perfection of Y over T .
Remark 2.2. (1) Note that the absolute Frobenius FT is finite and locally free when T
is smooth over a perfect Fp-scheme T
′. This fact is immediate to prove if T = ArT ′.
In the general case, locally on T and T ′, one may assume that T is e´tale over
ArT ′; then FT is the base change of FArT ′ [Kat86, Lemma 1.3], thus the conclusion
follows.
(2) Take T to be the spectrum of a field k. Then a relatively perfect k-scheme is
geometrically reduced. Indeed, a relatively perfect k-algebra R is reduced since
FR : R →֒ R⊗k,Fk k
∼
→ R is injective, where the first homomorphism is id⊗ 1 and
the second homomorphism is FR⊗can. Therefore R⊗k,Fk k
∼
→ R is reduced. This
implies that R⊗k k is reduced, so R is geometrically reduced.
We recall here below some details on the proof of Proposition 2.1. From [Kat86, Lemma
1.5] one has:
Lemma 2.3. Assume that FT is a finite locally free morphism. Then the base change
functor along the absolute Frobenius (Sch/T )→ (Sch/T ), Y 7→ Y (p) has a right adjoint.
The above lemma asserts that for any T -scheme Y , the Weil restriction of Y along
the absolute Frobenius FT exists; a generalization of this fact to any finite and locally
free universal homeomorphism was proved in [BGA18a, Corollary A.5]. Kato denotes the
Weil restriction of Y along FT as G(Y ); we prefer to write RFT (Y ), thus keeping notation
similar to the one in [BLR90, Section 7.6]. The Weil restriction of Y along FT comes
equipped with a canonical morphism of T -schemes
ρY : RFT (Y )
(p) −→ Y
such that the map
HomT (Y
′,RFT (Y ))→ HomT (Y
′(p), Y ), u 7→ ρY ◦ u
(p),
is a bijection for any T -scheme Y ′, where u(p) : Y ′(p) → RFT (Y )
(p) is the base change of
u along FT . Note that the morphism ρY is associated with the identity morphism on
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RFT (Y ) via the above natural bijection and its base change along any open immersion
U → Y is ρU . Further RFT (U) is affine if U is affine. Let
gY/T := ρY ◦ FRFT (Y )/T : RFT (Y )→ Y.
By construction gY/T is an affine morphism. Indeed ρY is affine and the relative Frobenius
FRFT (Y )/T : RFT (Y ) → RFT (Y )
(p) is a universal homeomorphism, in particular affine.
Hence the following inverse limit of T -schemes
Y RP := lim←−(Y
gY/T
←− RFT (Y )
gR
FT
(Y )/T
←− RFT (RFT (Y ))←− . . . ) = lim←−
n∈N0
Rn
FT
(Y )
is a scheme, where Rn
FT
denotes the n-th iterate of the Weil restriction construction.
Further, Y RP is a relatively perfect scheme over T .
Remark 2.4. (1) If T is a perfect scheme, RFT (Y ) = Y
( 1
p
) := Y ×T,F−1T
T , ρY = idY
and gRFT(Y ) : Y
( 1
p
) → Y is the relative Frobenius so that Y RP is the (inverse)
perfection Y pf of Y . Recall that Y pf is also the inverse limit of numerable copies
of Y with FY as transition maps [BGA18b, Section 5].
(2) Since relative perfection is right adjoint to the inclusion functor (RPSch/T ) →
(Sch/Y ), it preserves limits and thus, if Y is a group scheme over T , the same is
Y RP and the canonical map Y RP → Y is a morphism of group schemes over T .
(3) Open immersions and more generally e´tale morphisms are preserved by relative
perfection [Kat86, Corollary 1.9]. Further, if FT is finite locally free, any property
of morphisms of schemes that is preserved by Weil restriction and inverse limits is
preserved by relative perfection. For example, if f is a morphism of T -schemes that
is separated or quasi-compact (with T locally noetherian) or a closed immersion,
the same is fRP: see [BLR90, Section 7.6, Proposition 2 and Proposition 5] and
[BGA18b, Proposition 3.2]).
The morphism gY/T commutes with e´tale morphisms. More precisely:
Proposition 2.5. Assume that FT is a finite locally free morphism. Let Y
′ → Y be an
e´tale morphism of T -schemes. Then the diagram
RFT (Y
′) −−−→ RFT (Y )ygY ′/T
ygY/T
Y ′ −−−→ Y
is cartesian.
Proof. Let Z be a T -scheme. The morphism gY/T on Z-valued points is the map HomT (Z
(p), Y )→
HomT (Z, Y ) given by precomposition with the relative Frobenius Z → Z
(p) for Z/T .
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Therefore, what we want to show is the following: given a commutative diagram of T -
schemes
Z
FZ/T
−−−→ Z(p)y
y
Y ′ −−−→ Y,
there exists a unique morphism Z(p) → Y ′ that splits the diagram into two commutative
triangles. The morphism FZ/T is a universal homeomorphism. The morphism Y
′ → Y is
e´tale. Hence the existence of such a morphism follows from a simple application of the
topological invariance of e´tale sites; see [Bar10, Corollary 4.4.1] for example. 
Here is how WN(R)-algebras WN(Q) behave nicely for relatively perfect R-algebras Q,
which will be the key point in the proof of Lemma 5.1 below:
Proposition 2.6. Let R be an Fp-algebra and Q a relatively perfect R-algebra. Let M ≥
N ≥ 1 be integers.
(1) The natural morphism WM(Q)⊗WM (R) WN(R)→WN (Q) is an isomorphism.
(2) Tor
WM (R)
1 (WM(Q),WN(R)) = 0.
Proof. (1) For M = N it is clear. It is enough to show this for M = N + 1. Let VN be
the N -fold Verschiebung Ga →֒ WN+1 and recall that V
N(R) is an ideal in WN (R). The
morphism in question is obviously surjective. It is enough to show thatVN(R)WN+1(Q) =
VN(Q) in WN+1(Q). One inclusion is obvious. Let (0, . . . , 0, y) ∈ V
N(Q). Since Q
is relatively (semi-)perfect over R, we can write y as
∑
xiy
pN
i for some xi ∈ R and
yi ∈ Q. Then (0, . . . , 0, y) =
∑
(0, . . . , 0, xi)(yi, 0, . . . , 0), which is in V
N(R)WN+1(Q)
[Ill79, Chapter 0, (1.1.9)]).
(2) Let L = M − N and let F also denote the Frobenius morphism on Witt vector
rings. By the exact sequence
0→WL(R)
VN
→ WM(R)→WN(R)→ 0,
it is enough to show that the natural morphism WM(Q)⊗WM (R) V
N(WL(R))→ WM(Q)
is injective. The WM(R)-action on V
N(WL(R)) factors through a WL(R)-action. Since
xV(x′) = V(F(x)x′) for x, x′ ∈ W (R) ([Ill79, Chapter 0, (1.3.6)]), the WL(R)-module
VN(WL(R)) is isomorphic to WL(R) with WL(R)-action given by F
N . Therefore
WM(Q)⊗WM (R) V
N(WL(R)) ∼= WL(Q)⊗WL(R),FN WL(R)
by the previous assertion. The morphism FN ⊗ idWL(R) gives a bijection from the right-
hand side to WL(Q) by Equation (1) in the proof of [Kat82, Lemma 2]. Therefore we are
reduced to showing that VN : WL(Q)→ WM(Q) is injective. But this is obvious. 
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3. Kato canonical lifting
Let A be a ring, I a nilpotent ideal of A containing p and R = A/I. If R = k is a field
of characteristic p the examples to keep in mind are A an artinian local ring with maximal
ideal I, or A = Wn(k) and I = V(Wn(k)). Let g : R → Q be a ring homomorphism and
assume that Q is relatively perfect over R, namely, the ring homomorphism
Q⊗R,FR R→ Q, x⊗ y 7→ x
pg(y),
is bijective. Recall that by [Kat86, Lemma 1.3] Q is a formally e´tale ring over R.
Kato shows in [Kat82, Lemma 1] that there exists a canonical lifting of Q over A (with
respect to I), namely, a formally e´tale ring B over A such that B/IB ≃ Q. The canonical
lifting is unique up to unique isomorphism. We denote this B by hA(Q). In the same
lemma, it is shown that if Q is flat over R, then B is also characterized as a unique flat
A-algebra with B/IB ∼= Q.
The construction works as follows. Assume In = 0; let r ≥ n− 1 and N > r. The r-th
ghost component φr : WN(A) → A, (a0, a1, . . . , aN−1) 7→ a
pr
0 + pa
pr−1
1 + · · ·+ p
rar factors
through WN(R) thus endowing A with a structure of WN(R)-algebra; note that we have
a commutative diagram
WN(A)

φr
// A

WN(R)
φr
// R
(a0, a1, . . . )

// ap
r
0 + pa
pr−1
1 + · · ·+ p
rar

(a¯0, a¯1, . . . ) // (a¯0)
pr
where a¯i is the image of ai via the projection A→ A/I = R.
In [Kat82, Lemma 2] it is shown that the relative perfectness of R → Q implies that
WN(R) → WN(Q) is formally e´tale, and then it suffices to set B = WN (Q)⊗WN (R) A to
conclude.
Remark 3.1. (1) If A is a local artinian ring with maximal ideal I and perfect residue
field R of characteristic p then any relatively perfect ring Q over R is perfect
and Kato canonical lifting A⊗WN (R) WN(Q) is the lifting given by the Greenberg
algebra associated with A (see [Lip76, Corollary A.2], [BGA18b, Remark 2.2]).
(2) If Q is e´tale over R, then it is relatively perfect [Kat86, Lemma 1.3] and the
canonical lifting is the usual e´tale lifting of Q over A.
(3) Let J be an ideal contained in I and let A′ = A/J so that R = A′/IA′. Then
there is a natural isomorphism between the canonical lifting hA
′
(Q) of Q to A′
and hA(Q)⊗A A
′, both being WN(Q)⊗WN (R) A
′ for N large enough.
More generally, for any scheme Y which is relatively perfect over R there exists a
canonical lifting of Y over A, namely, a formally e´tale A-scheme hA(Y ) whose base change
to R is Y . Indeed one first defines the canonical lifting of Y over WN(R) as the scheme
WN(Y ) = (|Y |,WN(OY )) whose underlying topological space is the space underlying Y
and whose structure sheaf is defined via U 7→ WN(OY (U)) on affine open subsets U ⊆ Y
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(see [Ill79, Chapter 0, Section 1.5]). Then one takes the base change of WN (Y ) along
Spec (A)→ Spec (WN(R)).
This construction is Zariski-local on A. Therefore we can generalize it even more as
follows.
Let S be a scheme. Recall that an ideal I ⊆ OS is called locally nilpotent if locally for
the Zariski topology it is nilpotent, namely, In = 0, for some n ∈ N [GD71, Chapter I,
(4.5.16)].
Proposition 3.2. Let S be a scheme. Let T →֒ S be a closed immersion with locally
nilpotent ideal of definition I ⊆ OS containing p. Then for any scheme Y that is relatively
perfect over T , there exists a canonical lifting of Y over S, namely, a formally e´tale S-
scheme hS(Y ) whose base change to T is Y . Further, the formation of canonical liftings
commute with fiber products and if {Yλ} is an open covering of Y then {h
S(Yλ)} is an
open covering of hS(Y ).
If S ′ is another closed subscheme of S containing T and Y is an T -scheme, then by
uniqueness of canonical liftings, there is a natural isomorphism (see Remark 3.1 (3))
(3.3) hS
′
(Y ) ≃ hS(Y )×S S
′.
We will also need an infinite level version ([Kat82, Definition 1]). Let A be a ring.
Let I = I0 ⊇ I1 ⊇ · · · be a decreasing sequence of ideals of A. Set An = A/In and
R = A/I = A0. Assume that A
∼
→ lim←−nAn, p ∈ I and the ideal I/In ⊆ An is nilpotent for
all n. Let Q be a relatively perfect R-algebra. For each integer n ≥ 0, we have the Kato
canonical lifting hAn(Q) of Q over An as above. By Remark 3.1 (3), we have a natural
surjective A-algebra homomorphism hAn+1(Q) ։ hAn(Q). We define the Kato canonical
lifting of Q over A to be
(3.4) hA(Q) := lim←−
n
hAn(Q).
Assume that A is noetherian and In = I
n+1 for all n. For a flat relatively perfect R-
algebra Q, the An-algebra h
An(Q) is flat and the map hAn+1(Q) ։ hAn(Q) is surjective.
Therefore by [Sta20, Tag 0912], we know that hA(Q) is flat over A and hA(Q)⊗A An
∼
→
hAn(Q) for all n. (This is elementary if A is a discrete valuation ring and I is its maximal
ideal.) Therefore hA(Q) is characterized, in this case, as a unique I-adically complete flat
A-algebra with hA(Q)⊗AR ∼= Q. Note that in the case A is a complete discrete valuation
ring with maximal ideal I and Q is a finite separable extension of the residue field A/K
then hA(Q) is the unique unramified extension of A with residue field Q.
4. Greenberg transform of finite level: as a functor
Let S be a scheme. Let T →֒ S be a closed immersion with locally nilpotent ideal of
definition I ⊆ OS containing p. For any S-scheme X , consider the functor
FS/T,X : (RPSch/T )
op → Sets, Y 7→ X(hS(Y )),
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where X(hS(Y )) := HomS(h
S(Y ), X) and the superscript op denotes the opposite cat-
egory.1 If FS/T,X is representable, we call the representing object the relatively perfect
Greenberg transform of X with respect to T →֒ S and denote it by GrRP(X) (or GrRPS (X)
or GrRPS/T (X)). If this is the case, we have a canonical bijection
HomT (Y,Gr
RP(X)) ≃ HomS(h
S(Y ), X)
functorial in relatively perfect T -schemes Y . If S ′ is another closed subscheme of S
containing T , then the closed immersion hS
′
(Y ) →֒ hS(Y ) (see (3.3)) gives a map
HomS(h
S(Y ), X)→ HomS′(h
S′(Y ), X ×S S
′),
which then defines a canonical morphism
ρ∗S/S′ : FS/T,X → FS′/T,X×SS′
of functors on (RPSch/T )op. If S ′ = T , then FT/T,X×ST is the restriction of the repre-
sentable functor X×S T to (RPSch/T )
op, which we denote by (X×S T )
RP (even if T does
not have finite locally free absolute Frobenius and hence (X ×S T )
RP is not necessarily
representable). Thus we have a morphism
(4.1) ρ∗S/T : FS/T,X → (X ×S T )
RP.
Remark 4.2. (1) Note that the functor FS/T,X is the composition of functors X ◦ h
S
where X is identified with the associated functor from the category of (formally
e´tale) S-schemes to Sets. Hence X 7→ FS/T,X commutes with fiber products.
(2) If Y is a relatively perfect T -scheme (no hypothesis on T ), then Y represents
FT/T,Y ; the proof follows immediately from Proposition 2.6 (1).
Proposition 4.3. The functor FS/T,X satisfies the sheaf condition for the Zariski topology.
That is, for any relatively perfect T -scheme Y and any open covering {Yλ} of Y , the
sequence
FS/T,X(Y )→
∏
λ
FS/T,X(Yλ)⇒
∏
λ,µ
FS/T,X(Yλ ∩ Yµ)
is an equalizer sequence.
Proof. By Proposition 3.2 we know that the canonical lifts {hS(Yλ)} form an open covering
of hS(Y ) and hS(Yλ)∩h
S(Yµ) = h
S(Yλ∩Yµ). Then the assertion of the proposition follows
since X is a sheaf for the Zariski topology. 
1The part “S/T ” of the notation might look confusing since T is an S-scheme. But if T →֒ S admits
a left inverse S ։ T (the “equal characteristic case”), then S/T literally makes sense and FS/T,X is the
Weil restriction RS/T (X). We want to keep this intuition.
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Proposition 4.4. If X ′ → X is a formally e´tale morphism of S-schemes, then the
diagram
FS/T,X′
ρ∗
S/T

// FS/T,X
ρ∗
S/T

(X ′ ×S T )
RP // (X ×S T )
RP,
is cartesian, where ρ∗S/T was defined in (4.1).
Proof. We need to show that for any relatively perfect T -scheme Y , the square becomes a
cartesian diagram of sets on taking Y -valued points. In other words, given a commutative
square
Y
incl
−−−→ hS(Y )y
y
X ′ −−−→ X,
we want show that there exists a unique morphism hS(Y ) → X ′ that splits the square
into two commutative triangles. Since the closed immersion T →֒ S is defined by a locally
nilpotent ideal sheaf by assumption, so is its base change Y →֒ hS(Y ) by the morphism
hS(Y )→ S. Therefore the result follows from the formal e´taleness ofX ′ → X and [Gro67,
Remark (17.1.2) (iv)], 
For a morphism F ′ → F between functors (RPSch/T )op → Sets, we say that it is
relatively representable by open immersions if for any relatively perfect T -scheme Y and
any section y ∈ F (Y ) the induced morphism F ′ ×F Y → Y is an open immersions of
T -schemes, where the morphism Y → F in the fiber product is the one associated with
y.
Proposition 4.5. For any open immersion of S-schemes X ′ →֒ X the induced morphism
FS/T,X′ → FS/T,X is relatively represented by open immersions. Moreover, for any open
covering {Xλ} of X, we have FS/T,X =
⋃
λ FS/T,Xλ as Zariski sheaves on (RPSch/T ).
Proof. This follows from Proposition 4.4. 
For an open immersion j : T ′ →֒ T and a functor F ′ : (RPSch/T ′)op → Sets, we define
j!F
′ to be the functor (RPSch/T )op → Sets that assigns to each T -scheme Y the set F ′(Y )
if the morphism Y → T factors through T ′ and ∅ otherwise. If F ′ is represented by some
T ′-scheme Y ′, then j!F
′ is represented by Y ′ viewed as a T -scheme.
Proposition 4.6. For any open immersion j : T ′ →֒ T , the restriction j∗FS/T,X of FS/T,X
to (RPSch/T ′) is naturally isomorphic to FS′/T ′,X′ (where S
′ ⊆ S is the open subscheme
corresponding to T ′ and X ′ = X ×S S
′). The resulting morphism j!FS′/T ′,X′ → FS/T,X is
represented by open immersions. For any open covering {jλ : Tλ →֒ T} of T , we have
FS/T,X =
⋃
λ
(jλ)!FSλ/Tλ,Xλ
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as Zariski sheaves on (RPSch/T ) (where Sλ and Xλ are similarly defined).
Proof. For any relatively perfect T ′-scheme Y ′, we have hS
′
(Y ′) ∼= hS(Y ′) since hS
′
(Y ′) is
formally e´tale over S and it lifts the T -scheme Y ′. It follows that
j∗FS/T,X(Y
′) = FS/T,X(Y
′) = X(hS(Y ′)) = X(hS
′
(Y ′)) = X ′(hS
′
(Y ′)) = FS′/T ′,X′(Y
′),
thus j∗FS/T,X ∼= FS′/T ′,X′. Further, we have a cartesian square
j!FS′/T ′,X′ −−−→ FS/T,Xy
y
T ′ −−−→ T
as functors (RPSch/T )op → (Sets). The rest follows from this. 
5. Greenberg transform of finite level: representability
We now give a class of examples where the functor FS/T,X is representable, namely, the
relatively perfect Greenberg transform GrRPS/T (X) exists.
Let I = I0 ⊇ I1 ⊇ · · · ⊇ In = 0 be a decreasing sequence of quasi-coherent sheaves of
ideals on S. Let Si ⊆ S be the closed subscheme defined by Ii, so Sn = S and S0 = T .
Assume the following:
(1) The product ideal I · Ii is contained in Ii+1. In particular IOSi is nilpotent.
(2) The absolute Frobenius morphism of T is finite locally free.
(3) The sheaf Ii/Ii+1 is a finite locally freeOT -module, where theOT -action is induced
by the OSi+1-module structure on Ii/Ii+1 via (1).
Here are two examples. Let k be a field of characteristic p such that [k : kp] < ∞. Let
A be an artinian local ring with maximal ideal I and residue field k. Then S = SpecA,
T = Spec k, Ii = I
i+1 satisfy these conditions. Also, let k be as above. Let A = Wn(k)
and Ii = V
i+1Wn−i−1(k), where V is the Verschiebung. Then S = SpecA, T = Spec k,
Ii = Ii satisfy these conditions.
For an S-scheme X , set Xi = X ×S Si. Denote Fi = Fi,X = FSi/T,Xi and, if it
is representable, denote its representing object by GrRPSi/T (Xi) = Gr
RP
i (X). We have a
canonical morphism ρ∗i,j = ρ
∗
Si/Sj
: Fi,X → Fj,X over T for any i ≥ j.
For proving the existence of GrRPi (X) in this situation, we imitate the proof of the
representability of Weil restriction functor in [BLR90, Section 7.6] and the proof of the
existence of classical Greenberg transform in [Gre61]. We first consider the following
results:
Lemma 5.1. Assume that S is affine and that Conditions (2) and (3) above hold with
“finite locally free” replaced by “finite free”. Then GrRPi (A
1
S) exists. It is isomorphic to
the relative perfection of an affine space over T .
Proof. Write S = SpecA, Sj = SpecA/Ij, j ≥ 0, and T = SpecR = SpecA/I. Set
I−1 = A. By Proposition 4.3, it is enough to test functors Fj = FSj/T,A1Sj
by relatively
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perfect affine T -schemes. Let Q be a relatively perfect R-algebra. Let r ≥ n and N > r.
Then Fj(Q) = WN(Q)⊗WN (R) A/Ij is Kato’s canonical lifting of Q as in Section 3.
For i ≥ j ≥ 0, consider the exact sequence
(5.2) WN (Q)⊗WN (R) Ij/Ii →WN(Q)⊗WN (R) Ij−1/Ii → WN(Q)⊗WN (R) Ij−1/Ij → 0.
We show that: the first morphism is injective; the third term is a finite free Q-module (via
WN(Q) ։ Q) admitting a basis that does not depend on Q; and the second morphism
admits a set-theoretic section (not necessarily respecting the group structures) functorial
in Q. Recall that we are endowing A with the action of WN(R) via the r-th ghost com-
ponent map φr. Hence Ij−1/Ij here is endowed with the WN (R)-action via the quotient
WN(R) ։ R and F
r
R : R → R. By Conditions (2) and (3), this Ij−1/Ij is a finite free
R-module. Hence Tor
WN (R)
1 (WN(Q), Ij−1/Ij) = 0 by Proposition 2.6 (2). Therefore the
first morphism in (5.2) is injective. The third term of (5.2) is naturally isomorphic to
(WN(Q)⊗WN (R) R)⊗R,Fr Ij−1/Ij ,
where the WN(R)-action on R is via the quotient map WN(R) ։ R. Hence this is
naturally isomorphic to Q⊗R,Fr Ij−1/Ij by Proposition 2.6 (1). Let e1, . . . , em be a basis
of the finite free R-module Ij−1/Ij with the R-action given by F
r. Then Q⊗R,Fr Ij−1/Ij
is a finite free Q-module with basis {1⊗ el}l. A section to the second morphism in (5.2)
is given by the map
Q⊗R,Fr Ij−1/Ij =
m⊕
l=1
Q⊗ el → WN(Q)⊗WN (R) Ij−1/Ii,
m∑
l=1
yl ⊗ el 7→
m∑
l=1
(yl, 0, . . . , 0)⊗ e˜l,
where e˜l ∈ Ij−1/Ii is a lift of el ∈ Ij−1/Ij. This is functorial in Q.
Now let Fi,j(Q) = WN (Q) ⊗WN (R) Ij/Ii, so that Fi = Fi,−1. What we saw means that
Fi,j−1 ∼= Fi,j × Fj,j−1 as functors (RPAff/R)
op → (Sets) and Fj,j−1 is isomorphic to the
m-fold product F0×· · ·×F0 and thus is represented by the relative perfection of an affine
space over R, (AmR )
RP. Hence Fi ∼= Fi,i−1×· · ·×F1,0×F0,−1 is represented by the relative
perfection of an affine space over R. 
Lemma 5.3. Under the same assumptions as the previous lemma, GrRPi (X) exists for
any affine S-scheme X.
Proof. Write X = SpecB and S = SpecA. Write B as a quotient of a (possibly infinitely
many variable) polynomial ring B = A[xλ | λ ∈ Λ]/(fµ |µ ∈M). Then B is the coequalizer
of two A-algebra homomorphisms
A[yµ |µ ∈M ]⇒ A[xλ | λ ∈ Λ]→ B,
where the upper homomorphism maps yµ to 0 and the lower maps yµ to fµ; hence X can
be viewed as an equalizer
X → AΛS ⇒ A
M
S
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in the category of S-schemes. Let α (respectively, β) be the upper (respectively, lower)
morphism. By the previous lemma and Remark 4.2 (1), GrRPi (A
Λ
S) = Gr
RP
i (AS)
Λ exists
and is affine. Then Fi,X is representable by the equalizer of the two morphisms of affine
schemes,
GrRPi (A
Λ
S)⇒ Gr
RP
i (A
M
S ),
where the upper (respectively, lower) morphism is GrRPi (α) (respectively, Gr
RP
i (β)). Note
that the above equalizer is relatively perfect over T by [Kat86, Lemma 1.2 (iii)]. 
We can now prove the representability of Fn,X in general.
Proposition 5.4. Let S, T satisfy Conditions (1), (2), (3) and let X be any S-scheme.
The functor Fj,X is representable for any j. The morphisms ρ
∗
i,j : Fi,X → Fj,X are affine
for any i ≥ j.
Proof. Representability follows from the previous lemma and patching by Propositions
4.5, 4.6. Affineness follows by the cartesian square in Proposition 4.4. 
We will now see that the structure of GrRPn (X) is relatively simple if X/S is smooth.
First, in view of Proposition 4.4, it makes sense to talk about properties of GrRPn (X)
“Zariski (or e´tale) local on X and S”.
Proposition 5.5. Assume that X is smooth over S. Then for any i, the morphism
GrRPi+1(X)→ Gr
RP
i (X) is isomorphic, Zariski locally on X and S, to the second projection
(AmT )
RP ×T Gr
RP
i (X) ։ Gr
RP
i (X) for some m. In particular, it is faithfully flat, and
admits a section Zariski locally on X and S.
Proof. We may assume that X is e´tale over some affine space AlS over S. The statement
is true for A1S and hence for A
l
S by the proof of Lemma 5.1. The diagram
GrRPi+1(X) −−−→ Gr
RP
i (X)y
y
GrRPi+1(A
l
S) −−−→ Gr
RP
i (A
l
S)
is cartesian by Proposition 4.4. Hence the statement is true for X . 
Proposition 5.6. Assume that X = G is a smooth group scheme over S. Then the kernel
of GrRPi+1(X)։ Gr
RP
i (X) is canonically isomorphic to
(
Lie(G×S T )⊗OT Ii/Ii+1
)RP
.
Proof. First assume that S = SpecA (and hence T = SpecR also) are affine. Let Q
be a relatively perfect R-algebra. Then the morphism GrRPi+1(X) ։ Gr
RP
i (X) on Q-
valued points is G(WN (Q) ⊗WN (R) A/Ii+1) ։ G(WN(Q) ⊗WN (R) A/Ii). The kernel of
WN(Q) ⊗WN (R) A/Ii+1 ։ WN(Q) ⊗WN (R) A/Ii is Q ⊗R,FrR Ii/Ii+1 by Proposition 2.6,
which itself is isomorphic to Q⊗R Ii/Ii+1 by the relative perfectness of Q. Therefore the
kernel in question on Q-valued points is HomA−module(ωG/S, Q⊗R Ii/Ii+1) by the theorem
of infinitesimal points [DG70, Chapter II, Section 4, No. 3.5], where ωG/S is the module
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of Ka¨hler differentials pulled back to S by the identity section S →֒ G. This A-module is
isomorphic to Lie(G ×S T ) ⊗R Q ⊗R Ii/Ii+1 by the smoothness of G/S. This proves the
statement for the case S is affine. The general case follows from this by patching. 
Remark 5.7. Propositions 5.5 and 5.6 can be unified with stronger conclusions as follows.
(This is a generalization of the Greenberg structure theorem [BGA18a, Corollary A.13].)
Assume that X is smooth over S. Let ΘXT /T be the tangent sheaf of XT = X ×S T
over T , which is the dual of Ω1XT /T . Consider the vector bundle ΘXT /T ⊗OT Ii/Ii+1 on
XT . Its relative perfection (ΘXT /T ⊗OT Ii/Ii+1)
RP over T gives a group scheme over XRPT .
Consider its base change (ΘXT /T ⊗OT Ii/Ii+1)
RP
GrRPi (X)
to GrRPi (X) by Gr
RP
i (X) ։ X
RP
T .
Then it can be shown that the morphism GrRPi+1(X)։ Gr
RP
i (X) has a canonical structure
of a Zariski torsor under the group scheme (ΘXT /T ⊗OT Ii/Ii+1)
RP
GrRPi (X)
over GrRPi (X).
2
This implies Proposition 5.5. If X = G is a smooth group scheme, then this group scheme
action on the identity section defines an isomorphism stated in Proposition 5.6. The proof
is longer and more complicated than the proofs of these propositions. Also we do not use
this fact. Therefore we do not prove it.
6. Greenberg transform of infinite level
We now restrict to the affine base case, in order to apply an algebraization result in
[Bha16]. Let A be a commutative ring. Let I = I0 ⊇ I1 ⊇ · · · be a decreasing sequence of
ideals of A such that A
∼
→ lim←−nA/In and p ∈ I. Let An = A/In and set R = A/I = A0.
Assume that conditions analogous to Conditions (1), (2), (3) of Section 5 hold, namely:
• The product ideal I · Ii is contained in Ii+1. In particular, I/In is nilpotent.
• The absolute Frobenius morphism of R is finite locally free.
• The R-module Ii/Ii+1 is finite locally free.
For any relatively perfect R-algebra Q, we have the Kato canonical lifting hA(Q) =
lim←−n h
An(Q) of Q over A, as defined in (3.4). For any A-scheme X , consider the functor
FX : (RPAff/R)
op → (Sets), Q 7→ X(hA(Q)).
Proposition 6.1. The natural morphisms FX → FX×AAn induces an isomorphism FX
∼
→
lim←−n FX×AAn of functors (RPAff/R)
op → (Sets). The inverse limit lim←−nGr
RP
n (X) is a
relatively perfect R-scheme representing FX . That is, for any relatively perfect R-algebra
Q, the natural morphism
X(hA(Q))→ HomR
(
SpecQ, lim←−
n
GrRPn (X)
)
is a bijection functorial in Q.
2In fact, this torsor is trivial over any affine open of GrRPi (X) since the group ΘXT /T ⊗OT Ii/Ii+1 is
a vector bundle and an fpqc torsor under a quasi-coherent sheaf over an affine scheme is trivial by fpqc
descent.
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Proof. We have
X(hA(Q))
∼
→ lim
←−
n
X(hAn(Q))
by Bhatt-Gabber’s algebraization theorem [Bha16, Theorem 4.1, Remark 4.3, Remark
4.6]. Hence FX
∼
→ lim
←−n
FX×AAn. The inverse limit lim←−n
GrRPn (X) is a scheme since the
transition morphisms are affine by Proposition 5.4. The rest follows. 
This proves Theorem 1.1 as a special case. We will write GrRP(X) for FX in the
following; in particular
(6.2) GrRP(X)(R) = X(A).
Remark 6.3. For affine X , the Bhatt-Gabber theorem used in the proof of Proposition 6.1
is trivial. The real need of this theorem is for non-affine X (for example, Ne´ron models).
The same already happens in the case where R is a perfect field. In this case, Proposition
6.1 corresponds to [BGA18a, Proposition 14.2]. The reduction to the affine case in the
proof of [BGA18a, Proposition 14.2] is not correct since [BGA18a, Equation (4)] does not
extend to the infinite level case. Instead, the Bhatt-Gabber theorem is again needed in
the proof of [BGA18a, Proposition 14.2].
We describe the structure of GrRP(X) when X is smooth over A. Denote S = SpecA
and T = SpecR. For a formally e´tale morphism X ′ → X over A, we have a natural
cartesian diagram
GrRP(X ′) −−−→ GrRP(X)y
y
(X ′ ×S T )
RP −−−→ (X ×S T )
RP
by taking an inverse limit in the diagram in Proposition 4.4. Therefore it makes sense to
talk about properties of GrRP(X) Zariski local on X (but not in S or T since h does not
preserve localization in this infinite level situation).
Proposition 6.4. Assume that A is local and X is smooth over A. Let n ≥ 0 be an
integer. Then the morphism GrRP(X) → GrRPn (X) is isomorphic, Zariski locally on X,
to the second projection
(ANT )
RP ×T Gr
RP
n (X)→ Gr
RP
n (X).
In particular, it is faithfully flat, and admits a section Zariski locally on X.
Proof. We may assume that X is e´tale over some affine space AlS over S. Then for
any i ≥ n, the morphism GrRPi+1(X) ։ Gr
RP
i (X) is isomorphic to the second projection
A
mi
T ×T Gr
RP
i (X)։ Gr
RP
i (X) for some integer mi by the proof of Proposition 5.5. Hence
the morphism GrRPi+1(X) ։ Gr
RP
n (X) is isomorphic to the second projection A
m′i
T ×T
GrRPn (X) ։ Gr
RP
n (X), where m
′
i = mn + · · ·+mi. Taking the inverse limit in i, we get
the result. 
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7. Greenberg transform before relative perfection
In this section, we will define a (twisted) Greenberg transform before relative perfection
in some cases. Its relative perfection recovers the relatively perfect Greenberg transform.
The caveat is that this construction depends on the choice of an integer r such that
Ir+1 = 0 (where R = A/I). Therefore there is a difficulty in defining a Greenberg
transform of infinite level, which is of course very important since the main objects we
want apply the Greenberg transform to are over complete discrete valuation rings. For
complete discrete valuation rings (and more general complete noetherian local rings), we
can still take a certain limit of the Greenberg transforms of finite levels. But this limit
is “wrong”: the resulting object is automatically relatively perfect and hence does not
recover the usual Greenberg transform in the case of perfect residue fields. In this sense,
the relatively perfect Greenberg transform still seems to be the only possible construction
in the infinite level, imperfect residue field situation.
Also, we cannot hope for the same level of generality as the relatively perfect Greenberg
transform: the ring A is take to be an artinian local ring. It is not clear how to generalize
this to the nilpotent-thickening situation T →֒ S that we did for the relatively perfect
Greenberg transform. If we naively generalize the Greenberg transform below for the
situation of T →֒ S with T and S affine satisfying the conditions (1), (2), (3) in Section
5, the resulting Greenberg transform is not representable in general.
Let k be a field of characteristic p > 0 with [k : kp] < ∞. Let A be an artinian local
ring with maximal ideal I and residue field k. Fix an integer r ≥ 0 such that Ir+1 = 0.
As before, for N > r, we give A a canonical WN(k)-algebra structure by the lifted r-th
ghost component map. In this section, we mainly work with the fppf topology. First we
define a twisted version of Greenberg algebra.
Definition 7.1. Let N > r be an integer. Define an fppf sheaf of A-algebras hAr over k
to be the fppf sheafification of the presheaf
Q 7→ WN(Q)⊗WN (k) A,
where Q runs through k-algebras. In other words, we define hAr = WN ⊗WN (k) A, where
WN is the affine scheme of Witt vectors over k viewed as an fppf sheaf and A is viewed
as a constant sheaf. We call hAr the r-twisted Greenberg algebra over k associated with
A.
Proposition 7.2. The sheaf hAr is independent of the choice of N . More precisely, the
natural morphism WM ⊗WM (k) A→WN ⊗WN (k) A is an isomorphism for any M ≥ N .
Proof. We have pN = 0 in WN . Also, p
NWM = V
NFNWM = V
NWM since F : WM →
WM is an epimorphism (in the fppf topology). Thus WM/p
NWM ∼= WN (as fppf sheaves).
Hence
WM ⊗WM (k) A
∼= WN ⊗WM (k) A
∼= WN ⊗WN (k) A.

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When k is perfect, we also have the usual Greenberg algebra hA = WN ⊗WN (k),can A,
where the WN (k)-algebra structure on A is given by the usual (that is, Teichmu¨ller) one
([BGA18a, Section 3]). The natural morphism Fr ⊗ id : hAr → h
A is not an isomorphism
unless r = 0 and A = k.
Now we define an r-twisted Greenberg transform as a functor:
Definition 7.3. Let X be an A-scheme. Define a functor F rX on the category of k-algebras
to the category of sets by the formula
F rX(Q) = X(h
A
r (Q)) (= HomA(Spec h
A
r (Q), X)).
We will show that this functor F rX is representable by a k-scheme (and call the repre-
senting object the r-twisted Greenberg transform of X). In the rest of this section, we set
N = r + 1, and fix a p-basis B = {t(1), . . . , t(d)} of k and its lift {t˜(1), . . . , t˜(d)} to A.
We recall the Cohen ring scheme defined by Schoeller:
Definition 7.4 ([Sch72, Section 2.1]). Let n ≥ 0 be an integer. Let Q be a k-algebra.
We define Cn+1(Q) (denoted by J
B
n+1(Q) in [Sch72]) to be the Wn+1(Q)-subalgebra of
Wn+1(Q⊗k,Fnk k) generated by the elements (1⊗ t(i), 0, . . . , 0) over all integers 1 ≤ i ≤ d.
This is naturally a functor in Q.
For clarity and readability of future proofs, we have chosen to avoid indices and multi-
index notation used in [Sch72].
Proposition 7.5 ([Sch72, Proposition 3.1]). The ring Cn+1(k) is an artinian local ring
with maximal ideal (p) and residue field k.
This is why Cn+1 is better behaved thanWn+1, even though Cn+1 depends on the choice
of a p-basis. It makes the analysis of hAr much similar to the analysis of the Greenberg
algebra in the perfect residue field case. We need several facts about Cn+1.
Proposition 7.6 ([Sch72, Section 2.1]). Any element of Cn+1(Q) can be uniquely written
as
∑
0≤i(1),...,i(d)≤pn−1
(
xr(i(1), . . . , i(d)), 0, . . . , 0
)(
1⊗ t(1)i(1) · · · t(d)i(d), 0, . . . , 0
)
+ · · ·+
∑
0≤i(1),...,i(d)≤p−1
(
0, . . . , 0, x1(i(1), . . . , i(d)), 0
)(
1⊗ t(1)i(1) · · · t(d)i(d), 0, . . . , 0
)
+
(
0, . . . , 0, x0
)
,
where xj(i(1), . . . , i(d)) ∈ Q (and x0 = x0(0, . . . , 0) ∈ Q). In particular, the functor of
sets Cn+1 (forgetting the ring structure) is represented by an affine space over k.
20 ALESSANDRA BERTAPELLE AND TAKASHI SUZUKI
Proposition 7.7 ([Sch72, Sections 2.8.1, 2.10.1]). Let 0 ≤ m ≤ n be integers. For
0 ≤ j ≤ m, the collection of maps
(0, . . . , 0, x, 0, . . . , 0)
(
1⊗ t(1)i(1) · · · t(d)i(d), 0, . . . , 0
)
7→
(
Vn−m(0, . . . , 0, x, 0, . . . , 0)
)(
1⊗ t(1)i(1) · · · t(d)i(d), 0, . . . , 0
)
with x placed in the j-the position and 0 ≤ i(1), . . . , i(d) ≤ pm−j − 1 defines a monomor-
phism of additive group schemes Cm+1 →֒ Cn+1. The quotient Cn+1/Cm+1 is isomorphic
to a finite product of copies of Cn−m.
Proposition 7.8. Let 0 ≤ m ≤ n be integers. The image (in the fppf topology) of
the endomorphism of Cn+1 given by multiplication by p
n−m agrees with the image of the
morphism Cm+1 →֒ Cn+1. In particular, the cokernel of multiplication by p
n−m on Cn+1
is isomorphic to a finite product of copies of Cn−m.
Proof. With Propositions 7.6 and 7.7, this follows from the facts that pn−m = Vn−mFn−m
and the endomorphism Fn−m on Wn+1 is an epimorphism. 
Since C1 = Ga, this proposition in particular implies that Cn+1 is a successive extension
of copies of Ga. This means, in the terminology of [CGP15, Section B.1], that Cn+1 is a
split connected smooth unipotent group scheme over k.
More precisely, the quotient Cn+1/p
n−mCn+1 with its induced ring scheme structure is
isomorphic to the Weil restriction of Cn−m along F
m+1
k : Spec k → Spec k. We do not use
this fact.
Proposition 7.9. The natural morphism Wn+1 ⊗Wn+1(k) Cn+1(k) → Cn+1 is an isomor-
phism.
Proof. We prove this by induction on n. The statement is obvious for n = 0. Assume the
statement is true for some n ≥ 0. We have an exact sequence
(7.10) 0→ Cn+1 → Cn+2 → Ga ⊗k,F k → 0
by [Sch72, Proposition 2.9] and it remains exact on k-sections. Consider the induced
exact sequence
(7.11) Wn+2 ⊗Wn+2(k) Cn+1(k)→Wn+2 ⊗Wn+2(k) Cn+2(k)→ Wn+2 ⊗Wn+2(k),F k → 0.
The natural morphisms define a morphism of exact sequences from (7.11) to (7.10). We
have
Wn+2 ⊗Wn+2(k) Cn+1(k)
∼
→Wn+1 ⊗Wn+1(k) Cn+1(k)
∼
→ Cn+1
by Wn+2/p
n+1Wn+2 ∼= Wn+1 and the induction hypothesis. Also
Wn+2 ⊗Wn+2(k),F k
∼
→ Ga ⊗k,F k.
These imply the statement for n + 1 by the snake lemma. 
The Wr+1(k)-algebra structure of A lifts to a Cr+1(k)-algebra structure:
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Proposition 7.12 ([Sch72, Theorem 8.4]). The ring homomorphism Wr+1(k) → A
given by the lifted r-th ghost component map uniquely extends to a ring homomorphism
Cr+1(k)→ A such that each (1⊗t(1)
i(1) · · · t(d)i(d), 0 . . . , 0) is mapped to t˜(1)i(1) · · · t˜(d)i(d).
Now we can prove the representability of the r-twisted Greenberg algebra hAr :
Proposition 7.13. The sheaf hAr on Spec kfppf is represented by an affine space over k.
Proof. By Proposition 7.9, we have hAr
∼= Cr+1 ⊗Cr+1(k) A via the map Cr+1(k) → A in
Proposition 7.12. The ring Cr+1(k) is an artinian local ring with maximal ideal (p) and
residue field k by Proposition 7.5. The ring homomorphism Cr+1(k) → A induces the
identity map k → k on the residue fields. Hence the ring A as a Cr+1(k)-module has finite
length ([Liu02, Section 7.1, Lemma 1.36 (a)]) and thus can be written as a finite direct
sum of copies of Cr+1(k)/p
s+1(Cr+1(k)) for various 0 ≤ s ≤ r.
3 Therefore it is enough to
show that Cr+1 ⊗Cr+1(k) Cr+1(k)/p
s+1(Cr+1(k)) ∼= Cr+1/p
s+1Cr+1 is an affine space over
k for all 0 ≤ s ≤ r. This sheaf is isomorphic to a finite product of copies of Cs+1 by
Proposition 7.8. This proves the proposition. 
Using this, we will show the representability of F rX . We need some preparations about
patching.
Proposition 7.14. Let Q be a k-algebra. Let f ∈ Q be any element. Denote by Qf =
Q[1/f ] the localization of Q by f . Then the natural morphism hAr (Q) → h
A
r (Qf) induces
an isomorphism hAr (Q)(f,0,...,0)⊗1
∼
→ hAr (Qf).
Proof. From the proof of Proposition 7.13, it is enough to show that Cs+1(Q)(f,0,...,0)
∼
→
Cs+1(Qf) for all 0 ≤ s ≤ r. This follows fromWs+1(Q)(f,0,...,0)
∼
→Ws+1(Qf ) [Ill79, Chapter
0, (1.5.3)]. 
Proposition 7.15. For any A-scheme X, the functor F rX = X ◦ h
A
r is a sheaf for the
Zariski topology.
Proof. The statement means that for any k-algebraQ and any family of elements f1, . . . , fn
generating the unit ideal of Q, the sequence
X(hAr (Q))→
∏
i
X(hAr (Qfi))⇒
∏
i,j
X(hAr (Qfifj ))
is an equalizer. Set B = hAr (Q) and gi = (fi, 0, . . . , 0) ⊗ 1 ∈ B. Then the elements gi
generate the unit ideal of B. Therefore by Proposition 7.14, the above sequence can be
identified with the obvious equalizer sequence
X(B)→
∏
i
X(Bgi)⇒
∏
i,j
X(Bgigj).

3This is a general fact about finite length modules over truncated discrete valuation rings. In our case, it
is enough to use the fact that Cr+1(k) is a quotient ring of the discrete valuation ring C(k) = lim←−
Cn+1(k)
with prime ideal (p) by [Sch72, Proposition 3.2.3].
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For any k-algebra Q, we have a natural surjection hAr (Q) ։ Q ⊗k,Frk k. Hence for any
A-scheme X , we have a natural morphism F rX → R
r
Fk
(X) of functors over k.
Proposition 7.16. For any formally e´tale morphism X ′ → X of A-schemes, the diagram
F rX′ −−−→ F
r
Xy
y
Rr
Fk
(X ′) −−−→ Rr
Fk
(X)
is cartesian.
Proof. The kernel of hAr+1 ։ Ga ⊗k,Fr k is nilpotent. The same proof as Proposition 4.4
works. 
Proposition 7.17. For any open immersion X ′ →֒ X of A-schemes, the morphism
F rX′ → F
r
X is relatively represented by open immersions of k-schemes. For any open
covering {Xλ} of X, the Zariski sheaves {F
r
Xλ
} form a Zariski covering of F rX .
Proof. This follows from Proposition 7.16 and [Kat86, Lemma 1.5]. 
Theorem 7.18. For any A-scheme X, the functor F rX is representable by a k-scheme.
Proof. If X = A1A, then F
r
X = h
A
r , which is representable by Proposition 7.13. The general
case follows from Propositions 7.15 and 7.17 by the arguments similar to the proof of the
representability of the relatively perfect Greenberg functor in Proposition 5.4. 
Definition 7.19. Let X be an A-scheme. We call the object representing the functor F rX
the r-twisted Greenberg transform of X and denote it by GrrA(X).
When k is perfect, the morphism Fr ⊗ id : hAr → h
A mentioned after Proposition 7.2
induces a morphism of functors GrrA → GrA to the usual Greenberg functor. This is not
an isomorphism unless r = 0 and A = k.
Nevertheless, we will show that the relative perfection of GrrA(X) is the relatively
perfect Greenberg transform. For this, we need to deal with the fppf sheafification in the
definition of hAr , which did not appear in the definition of the Kato canonical lifting h
A.
The following is needed instead of Proposition 7.8:
Proposition 7.20. Let Q be a relatively perfect k-algebra. Let 0 ≤ m ≤ n be integers.
Then pn−m(Cn+1(Q)) = Cm+1(Q) in Cn+1(Q), where we identified Cm+1(Q) with its image
in Cn+1(Q) using Proposition 7.7.
Proof. It is enough to treat the case m = n − 1. One inclusion p(Cn+1(Q)) ⊆ Cn(Q) is
obvious. For the opposite inclusion, it is enough to show that any element of the form
(0, . . . , 0, x, 0, . . . , 0) with x ∈ Q placed in the j-th position, 1 ≤ j ≤ n, is in p(Cn+1(Q)).
Here we number entries of Witt vectors inWn+1 from the 0-th position to the n-th position.
Since Q is relatively perfect and hence FQ⊗can : Q⊗k,Fk k
∼
→ Q, we can write x as a sum
of elements of the form ypt(1)i(1) · · · t(d)i(d) with y ∈ Q and 0 ≤ i(1), . . . , i(d) ≤ p − 1.
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It is enough to treat the case where x is a monomial: x = ypt(1)i(1) · · · t(d)i(d). Then
(0, . . . , 0, x, 0, . . . , 0) is p times (0, . . . , 0, y, 0, . . . , 0) (with y in the (j − 1)-st position)
times
(
1⊗ t(1)i(1)p
n−j
· · · t(d)i(d)p
n−j
, 0, . . . , 0
)
. Indeed,
p · (0, . . . , 0, y, 0, . . . , 0) ·
(
1⊗ t(1)i(1)p
n−j
· · · t(d)i(d)p
n−j
, 0, . . . , 0
)
= (0, . . . , 0, yp, 0, . . . , 0) ·
(
1⊗ t(1)i(1)p
n−j
· · · t(d)i(d)p
n−j
, 0, . . . , 0
)
=
(
0, . . . , 0, yp ⊗ t(1)i(1)p
n
· · · t(d)i(d)p
n
, 0, . . . , 0
)
=
(
0, . . . , 0, ypt(1)i(1) · · · t(d)i(d), 0, . . . , 0
)
= (0, . . . , 0, x, 0, . . . , 0),
where the y in the fist line is in the (j − 1)-st position, the yp in the second line is in the
j-th position, the non-zero entries in the rest of the lines are in the j-th position and the
second equality follows from [Ill79, Chapter 0, (1.3.12)]. 
We also need the following instead of Proposition 7.9:
Proposition 7.21. Let Q be a relatively perfect k-algebra. Then the natural homomor-
phism Wn+1(Q)⊗Wn+1(k) Cn+1(k) → Cn+1(Q) is an isomorphism. In particular, this iso-
morphism gives an isomorphism between the Kato canonical lifting hA(Q) = Wr+1(Q)⊗Wr+1(k)
A and Cr+1(Q)⊗Cr+1(k) A.
Proof. The only difference from Proposition 7.9 is to show
Wn+2(Q)⊗Wn+2(k) Cn+1(k)
∼
→ Wn+1(Q)⊗Wn+1(k) Cn+1(k),
Wn+2(Q)⊗Wn+2(k),F k
∼
→ Q⊗k,F k.
By Proposition 2.6 (1), we have Wn+2(Q)⊗Wn+2(k)Wn+1(k)
∼= Wn+1(Q). This implies the
first isomorphism. The second isomorphism follows similarly. 
Proposition 7.22. Let X be an A-scheme. Then the relative perfection of GrrA(X) is
canonically isomorphic to GrRPA (X).
Proof. For any k-algebra Q, we have a natural A-algebra homomorphism
Wr+1(Q)⊗Wr+1(k) A→ (Wr+1 ⊗Wr+1(k) A)(Q),
where ⊗ in the target is the tensor product of fppf sheaves.4 The target is hAr (Q) by
definition. If Q is relatively perfect, then the source is the Kato canonical lifting hA(Q).
Therefore we have an A-algebra homomorphism hA(Q)→ hAr (Q) for relatively perfect Q.
It is enough to show that this homomorphism hA(Q)→ hAr (Q) is an isomorphism for any
relatively perfect k-algebras Q. This homomorphism can be written as
Cr+1(Q)⊗Cr+1(k) A→ (Cr+1 ⊗Cr+1(k) A)(Q)
4To see this, set F (Q) = Wr+1(Q) ⊗Wr+1(k) A. Then F is a presheaf. Hence we have a canonical
morphism F → F˜ to the fppf sheafification of F . Thus we have a natural map F (Q) → F˜ (Q). This is
the one stated above.
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by Propositions 7.9 and 7.21. More generally, for a finite length Cr+1(k)-module M , we
show that the morphism
Cr+1(Q)⊗Cr+1(k) M → (Cr+1 ⊗Cr+1(k) M)(Q)
is an isomorphism, where ⊗ on the right-hand side is the tensor product of fppf sheaves.
It is enough to treat the case M = Cr+1(k)/p
s+1(Cr+1(k)) with 0 ≤ s ≤ r. In this
case, the above morphism is Cr+1(Q)/p
s+1(Cr+1(Q)) → (Cr+1/p
s+1Cr+1)(Q). We have
ps+1(Cr+1(Q)) = Cr−s(Q) by Proposition 7.20 and p
s+1Cr+1 = Cr−s by Proposition 7.8.
In the exact sequence
0→ Cr−s → Cr+1 → Cr+1/Cr−s → 0
of fppf sheaves, the first term Cr−s is a successive extension of copies ofGa by Proposition
7.7. Hence the sequence
0→ Cr−s(Q)→ Cr+1(Q)→ (Cr+1/Cr−s)(Q)→ 0
is exact. This gives the desired isomorphism. 
In particular, we have GrrA(X)(k)
∼= GrRPA (X)(k)
∼= X(A). Also hAr (k)
∼= hA(k) ∼= A
from the proof.
Now we consider the infinite level case. Let A be a complete noetherian local ring with
maximal ideal I and residue field k such that [k : kp] <∞. For each integer r ≥ 0, we set
Ar = A/I
r+1, so A0 = k. We give Ar a Wr+1(k)-algebra structure given by the lifted r-th
ghost component map. Then the r-twisted Greenberg algebra hArr = Wr+1 ⊗Wr+1(k) Ar
and the r-twisted Greenberg functor GrrAr make sense. We will take a certain limit of
them in r. But it turns out the resulting objects are automatically relatively perfect:
Proposition 7.23. Let A be a complete noetherian local ring with maximal ideal I and
residue field k such that [k : kp] <∞. Consider the morphisms
· · · → hA22 → h
A1
1 → h
k
0 = Ga
of ring schemes over k, where each morphism hArr → h
Ar−1
r−1 is given by F ⊗ can. Define
hA∞ to be the inverse limit of this system of affine schemes. Then h
A
∞ is relatively perfect
over k. For any relatively perfect k-algebra Q, the A-algebra hA∞(Q) is the Kato canonical
lifting hA(Q) of Q over A.
Proof. We want to show that the relative Frobenius for hA∞ is an isomorphism. Recall that
hArr = Wr+1⊗Wr+1(k)Ar. For any r ≥ 0, by Lemma 7.24 below, the Frobenius twist of h
Ar
r
is given by Wr+1⊗F,Wr+1(k)Ar. The relative Frobenius for h
Ar
r is given by F⊗ id. We have
a morphism can⊗can fromWr+2⊗F,Wr+2(k)Ar+1 = h
Ar+1
r+1 toWr+1⊗Wr+1(k)Ar = h
Ar
r . This
gives a morphism from the Frobenius twist of hA∞ to h
A
∞ inverse to the relative Frobenius.
Therefore hA∞ is relatively perfect over k.
Let Q be a relatively perfect k-algebra. We show that hA∞(Q)
∼= hA(Q). Since RP
is a right adjoint, it commutes with inverse limits. Hence hA∞ = (h
A
∞)
RP is the inverse
limit of (hArr )
RP in r with transition morphisms F⊗ id. We have (hArr )
RP ∼= hAr by (the
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proof of) Proposition 7.22. In the presentation hAr =Wr+1⊗Wr+1(k)A, the reduction map
hAr(Q)։ Q is given by Fr⊗ id. Therefore the transition morphism F⊗can: hAr+1(Q)→
hAr(Q) is compatible with the reduction maps to Q. By the uniqueness of the Kato
canonical liftings hAr+1(Q), hAr(Q), we know that this transition morphism has to agree
with the canonical map in Remark 3.1 (3). Taking the inverse limit in n, we know that
hA∞(Q)
∼= hA(Q). 
Lemma 7.24. For any r ≥ 0, the Frobenius twist of hArr is given by Wr+1 ⊗F,Wr+1(k) Ar.
The relative Frobenius for hArr is given by F⊗ id.
Proof. The absolute Frobenius Fk induces an endomorphism of the site Spec kfppf whose
underlying functor on the underlying categories is Y 7→ Y (p) = Y ×k,Fk k. Therefore the
pullback functor F∗k agrees with Y 7→ Y
(p) on representable sheaves and commutes with
tensor products of sheaves (being a left adjoint). It is the identity functor on constant
sheaves (which are disjoint unions of copies of Spec k). Therefore the Frobenius twist of
hArr is W
(p)
r+1 ⊗can(p),Wr+1(k) Ar. The relative Frobenius for a constant sheaf is the identity.
Hence the relative Frobenius for hArr is given by FWr+1/k ⊗ id. The naturality of relative
Frobenius gives a commutative diagram
Wr+1(k)
can
−−−→ Wr+1∥∥∥
yFWr+1/k
Wr+1(k)
can(p)
−−−→ W
(p)
r+1
of k-schemes. The right vertical arrow followed by the natural k-scheme isomorphism
W
(p)
r+1
∼= Wr+1 is the Frobenius endomorphism F ofWr+1. This means that can
(p) : Wr+1(k)→
W
(p)
r+1 can be identified with F : Wr+1(k) → Wr+1. This gives the desired description of
the relative Frobenius for hArr . 
Therefore, even if k is perfect and A = W (k), the scheme hA∞ is the perfection of W
and not W . There seem to be no other natural transition morphisms among the family
{hArr } but F⊗ can.
Proposition 7.25. Let A, I, k be as in Proposition 7.23. Let X be an A-scheme. Then
the functor F∞X : Q 7→ X(h
A
∞(Q)) on k-algebras Q is representable by the relatively perfect
Greenberg transform GrRP(X).
Proof. The functor F∞X is the inverse limit of the functors Q 7→ X(h
Ar
r (Q)) for r ≥ 0
by the Bhatt-Gabber algebraization theorem already used in the proof of Proposition
6.1. Hence F∞X is the inverse limit of the schemes Gr
r
A(X). The transition morphisms
Grr+1A (X) → Gr
r
A(X) are affine by the same proof as Proposition 5.4 (using Proposition
7.16 in place of 4.4). Hence F∞X is a scheme.
We show that F∞X is relatively perfect over k. Let Q be a k-algebra. The composite
of the absolute Frobenius Fk : k → k and the structure map k → Q gives a new k-
algebra structure on the ring Q. We denote this new k-algebra by (p)Q. The Frobenius
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map Q → (p)Q (on the underlying rings) is a k-algebra homomorphism. For any k-
scheme Z, the relative Frobenius morphism Z → Z(p) on Q-valued points is given by
the map Z(Q) → Z((p)Q) induced by the Frobenius map Q → (p)Q. In particular,
the relative Frobenius morphism F∞X → (F
∞
X )
(p) for F∞X on Q-valued points is given
by the map F∞X (Q) → F
∞
X (
(p)Q) induced by the Frobenius map Q → (p)Q. This map is
written asX(hA∞(Q))→ X(h
A
∞(
(p)Q)). Since hA∞ is relatively perfect, its relative Frobenius
morphism evaluated on Q-valued points, hA∞(Q) → h
A
∞(
(p)Q), is an isomorphism of A-
algebras. This implies that X(hA∞(Q))
∼
→ X(hA∞(
(p)Q)). Thus F∞X is relatively perfect
over k.
The functor F∞X takes the same values as Gr
RP(X) by Proposition 7.23. Hence they
are isomorphic. 
8. Relatively perfectly smooth group schemes
Let k be a field of characteristic p > 0 such that [k : kp] < ∞. In this section, we
provide some preliminary results for the next section on relatively perfect cycle maps.
We need a solid foundation on relative perfections of commutative smooth group schemes
over k. We make a convention:
For the rest of the paper, all group schemes are assumed commutative.
Definition 8.1. Let X be a k-scheme.
(1) X is said to be locally relatively perfectly of finite type if it is Zariski locally
isomorphic to the relative perfection of a k-scheme (locally) of finite type.
(2) X is said to be relatively perfectly of finite type if it is locally relatively perfectly
of finite type and quasi-compact.
(3) X is said to be relatively perfectly smooth if it is Zariski locally isomorphic to the
relative perfection of a smooth k-scheme.
Definition 8.2.
(1) Define Spec kRP = (RPSch/k)e´t to be the category of relatively perfect k-schemes
endowed with the e´tale topology ([Kat86, Section 2]).
(2) Denote the category of relatively perfectly smooth k-schemes with k-scheme mor-
phisms by (RPSSch/k). Define Spec kRPS = (RPSSch/k)e´t to be the category
(RPSSch/k) endowed with the e´tale topology ([KS19, Section 2]).
(3) Define Spec kEt = (Sch/k)e´t to be the category of k-schemes endowed with the e´tale
topology (which is the big e´tale site of k).
(4) The category of sheaves of abelian groups on Spec kRP is denoted by Ab(kRP). Its
Hom and n-th Ext functors are denoted by HomkRP and Ext
n
kRP
, respectively. We
use similar notation for Spec kRPS and Spec kEt.
Definition 8.3. Let X be a k-scheme locally of finite type. Then it admits a maximal
geometrically reduced closed subscheme by [CGP15, Lemma C.4.1]. We denote this sub-
scheme by X♮ ⊆ X.
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As mentioned in [CGP15, Lemma C.4.1], if X is a group scheme, then X♮ is a smooth
group scheme. Further, if X is locally of finite type over k, X♮ is the maximal smooth
closed k-subgroup scheme of X and hence (X/X♮)♮ = 0.
Proposition 8.4. Let X be a k-scheme locally of finite type. Then the natural morphism
(X♮)RP → XRP is an isomorphism.
Proof. A relatively perfect k-scheme is geometrically reduced by Remark 2.2 (2). Hence
the schematic image of the morphismXRP → X is contained inX♮. This gives a morphism
XRP → (X♮)RP inverse to the morphism (X♮)RP → XRP. 
Proposition 8.5. Let {Xλ} be a filtered inverse system of quasi-compact quasi-separated
relatively perfect k-schemes with affine transition morphisms. Set X = lim←−Xλ. Let Y be
a k-scheme locally relatively perfectly of finite type. Then
lim
−→
λ
Homk(Xλ, Y )
∼
→ Homk(X, Y ).
Proof. The statement is Zariski local on Y by a standard (but non-trivial) patching argu-
ment. Hence we may assume that Y is the relative perfection of a k-scheme Y0 (locally)
of finite type. We have Homk(X, Y )
∼
→ Homk(X, Y0) and Homk(Xλ, Y )
∼
→ Homk(Xλ, Y0).
Hence the statement reduces to the usual characterization of a k-scheme locally of finite
type ([Gro66, Proposition (8.14.2)]). 
Proposition 8.6. Let G and H be relative perfections of smooth group schemes over k.
Let ϕ : G→ H be a group scheme morphism over k. Then Ker(ϕ) is the relative perfection
of a smooth group scheme over k.
Proof. Write ϕ as the relative perfection of a morphism ϕ0 : G0 → H0 between smooth
group schemes. The relative perfection functor is left exact since it is a right adjoint.
Hence Ker(ϕ0)
RP ∼= Ker(ϕ). We have Ker(ϕ0)
RP ∼= (Ker(ϕ0)
♮)RP by Proposition 8.4. The
group scheme Ker(ϕ0)
♮ is smooth, so this proves the proposition. 
Consider the following three types of k-group schemes:
(1) group schemes relatively perfectly of finite type over k,
(2) quasi-compact relatively perfectly smooth group schemes over k, and
(3) relative perfections of quasi-compact smooth group schemes over k.
Clearly (2) implies (1) and (3) implies (2) by definition and Remark 2.4 (3). The next
proposition states that (1) implies (3) thus showing that the above three types of objects
are the same thing.
Proposition 8.7. Let G be a group scheme relatively perfectly of finite type over k. Then
G is the relative perfection of a quasi-compact smooth group scheme over k. Further, any
morphism ϕ : G → H of group schemes relatively perfectly of finite type over k is the
relative perfection of a morphism ϕ0 : G0 → H0 of quasi-compact smooth group schemes
over k.
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Proof. Since G is a quasi-compact group scheme over k, it can be written as a filtered
inverse limit of group schemes Gλ of finite type over k with affine transition morphisms
by [Per75, Part 1, Chapter V, Section 3, Theorem 3.1]. Applying the relative perfection
functor, we have G ∼= lim←−
GRPλ
∼= lim←−
(G♮λ)
RP. Applying Proposition 8.5 to the identity
map G→ G, we know that there exist an index λ and a k-scheme morphism (G♮λ)
RP → G
such that the composite G → (G♮λ)
RP → G (where the first morphism is the canonical
morphism of the inverse limit) is the identity. By increasing λ if necessary, we can take
such a morphism (G♮λ)
RP → G to be a group scheme morphism over k. This means that
G is the kernel of an idempotent endomorphism of the group scheme (G♮λ)
RP. Hence G is
the relative perfection of a quasi-compact smooth group scheme over k by Proposition 8.6.
The second statement follows from the first by the usual characterization of a k-scheme
locally of finite type ([Gro66, Proposition (8.14.2)]). 
Proposition 8.8. Let f : Y → X be a smooth surjective morphism of k-schemes. Then
the induced morphism fRP : Y RP → XRP is an epimorphism of sheaves of sets on Spec kRP.
Proof. By [Gro67, Corollary (17.16.3) (ii)], there exist an e´tale surjective morphism g : X ′ →
X and an X-scheme morphism s : X ′ → Y . They induce morphisms gRP : X ′RP → XRP
and sRP : X ′RP → Y RP. The e´taleness of g implies that gRP can be obtained as the base
change of g by the projection XRP → X by [Kat86, Corollary 1.9]. Hence gRP is e´tale
surjective. In particular, it is an epimorphism of sheaves of sets on Spec kRP. Hence so is
fRP. 
Proposition 8.9. Let X be a relatively perfect k-scheme. Let G0 be a smooth group
scheme over k with relative perfection G = GRP0 . Then for any i ≥ 0, we have
H i(Xe´t, G)
∼
→ H i(Xe´t, G0).
If X is the relative perfection of a quasi-compact quasi-separated k-scheme X0, then these
isomorphic groups are further isomorphic to
lim−→
n
H i(Rn
Fk
(X0)e´t, G0).
Proof. Since fiber products of relatively perfect k-schemes are relatively perfect by [Kat86,
Lemma 1.2], the category (RPSch/k) has finite inverse limits and the inclusion functor
(RPSch/k) →֒ (Sch/k) commutes with them. Hence by [Mil80, Chapter II, Proposition
2.6 (a) and Section 3, the first paragraph], the inclusion functor (RPSch/k) →֒ (Sch/k)
defines a morphism of sites f : Spec kEt → Spec kRP (which in particular means that the
pullback functor f ∗ is exact). The pushforward functor f∗ : Ab(kEt)→ Ab(kRP) is exact
by [Mil80, Chapter III, Proposition 3.1 (a)]. We have f∗G0 = G
RP
0 = G by definition.
These imply the isomorphism between H i(Xe´t, G) andH
i(Xe´t, G0). From the construction
of the relative perfection, we have X = lim
←−n
Rn
Fk
(X0). Hence the second statement about
the commutativity with limits follows from [AGV72, Expose´ VII, Corollaire 5.9]. 
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Proposition 8.10. Let G0 and H0 be quasi-compact smooth group schemes over k with
relative perfections G and H, respectively. Then for any i ≥ 0, we have
ExtikRP(G,H)
∼= ExtikEt(G,H0)
∼= lim−→
n
ExtikEt(R
n
Fk
(G0), H0).
In particular, any extension of G by H in Ab(kRP) is represented by a group scheme
relatively perfectly of finite type over k.
Proof. Let f : Spec kEt → Spec kRP be as in the proof of Proposition 8.9. Then f
∗G = G
and f∗H0 = H . As f
∗ and f∗ are exact functors, this implies the isomorphism between
ExtikRP(G,H) and Ext
i
kEt
(G,H0).
For the second isomorphism, we fix a choice of a Deligne-Scholze functorial resolution
M(A) = (· · · → M1(A) → M0(A)) of an abelian group A [Sch19, Theorem 4.5]. Each
term Mj(A) is a finite direct sum of groups of the form Z[A
m] (the free abelian group
generated by the set Am) for various m. Define a complex M(G) in Ab(kEt) to be the
e´tale sheafification of the complex of presheaves X 7→ M(G(X)) (where X runs over
k-schemes). This complex of sheaves is a resolution of G since sheafification is exact. Set
Gn = R
n
Fk
(G0), so that G = lim←−n
Gn. We have two hyper-Ext spectral sequences
Eij1 = lim−→
n
ExtjkEt(Mi(Gn), H0) =⇒ lim−→
n
Exti+jkEt (Gn, H0),
Eij1 = Ext
j
kEt
(Mi(G), H0) =⇒ Ext
i+j
kEt
(G,H0)
and a morphism of spectral sequences from the first one to the second one compatible
with the E∞-terms. Each term Ext
j
kEt
(Mi(G), H0) is a finite direct sum of groups of the
form
ExtjkEt(Z[G
m], H0) ∼= H
j((Gm)e´t, H0)
for various m. We have
lim−→
n
Hj((Gmn )e´t, H0)
∼
→ Hj((Gm)e´t, H0)
by Proposition 8.9. Hence the morphism of the above spectral sequences is an isomor-
phism. Therefore their E∞-terms are isomorphic. 
Before the next proposition with a long, technical proof, the following example is in-
structive:
Example 8.11. Consider the exact sequence 0 → αp → Ga
F
→ Ga → 0 of affine group
schemes over k, where this F is the relative Frobenius for Ga over k. We will work out
what happens by applying the relative perfection functor RP. We have αRPp = 0 since
a relatively perfect k-algebra is (geometrically) reduced (Remark 2.2 (2)). Therefore we
have an exact sequence 0 → GRPa
F
RP
→ GRPa → Coker(F
RP) → 0 of affine group schemes
over k. Here the morphism FRP evaluated on a relatively perfect k-algebra R is the p-th
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power map on R. To describe Coker(FRP), take a p-basis t(1), . . . , t(d) of k. Let R be a
relatively perfect k-algebra. Let
x =
∑
0≤i(1),...,i(d)≤p−1
x(i(1), . . . , i(d))pt(1)i(1) · · · t(d)i(d) ∈ R
be an arbitrary element. Then the map x 7→ x(0, . . . , 0) is functorial in R and hence
gives a group scheme morphism GRPa → G
RP
a . It is left inverse to F
RP : GRPa →֒ G
RP
a .
Therefore FRP : GRPa →֒ G
RP
a is a closed immersion onto a direct summand. This implies
that Coker(FRP) is isomorphic to (Gp
d−1
a )
RP and the morphism GRPa ։ Coker(F
RP) is
given by
x 7→
(
x(i(1), . . . , i(d))
)
0≤i(1),...,i(d)≤p−1; not all zero
.
In particular, FRP is not an isomorphism (unless k is perfect), while the relative Frobenius
for GRPa over k is an isomorphism by definition.
Here the fact already used is GRPa
∼= (Gp
d
a )
RP ∼= (RFk(Ga))
RP. A canonical description
of Coker(FRP) independent of the choice of a p-basis can be given as the kernel of the
Cartier operator C : Ω1k,d=0 → Ω
1
k; see [Kat86, (3.1.2), (3.1.3)].
Proposition 8.12. The group schemes relatively perfectly of finite type over k form an
abelian subcategory of Ab(kRP) closed under extensions.
Proof. Let ϕ : G → H be a morphism of group schemes relatively perfectly of finite
type over k, with kernel K, cokernel L and image M in Ab(kRP). Then K is relatively
perfectly of finite type over k by Proposition 8.6. We want to show that L is a group
scheme relatively perfectly of finite type over k. By Proposition 8.7, we can write ϕ
as the relative perfection of a morphism ϕ0 : G0 → H0 of quasi-compact smooth group
schemes over k. Set Gn = R
n
Fk
(G0) and Hn = R
n
Fk
(H0) for every n; they are smooth
quasi-compact by [BLR90, Section 7.6, Proposition 5]. Denote by Kn, Ln and Mn the
kernel, cokernel and image, respectively, of the morphism of finite type ϕn : Gn → Hn
in Ab(kfppf) induced by ϕ0. Then Ln and Mn are quasi-compact smooth group schemes
over k by [DG70, Chapter II Section 5, Corollary 2.2] and Kn is a group scheme of finite
type over k. Note that the functors Rn
Fk
and RP applied to group schemes of finite type
over k are only left exact, so KRP0 = (K
♮
0)
RP = K, but Rn
Fk
(M0) 6= Mn and M
RP
0 6= M in
general.
We first treat the special case where ϕ0 : G0 → H0 is faithfully flat and K
♮
0 = 0 (which
contains Example 8.11 as a further special case). We have KRP0 = 0 by Proposition 8.4.
Hence the morphism Kn → K0 is zero for large enough n. Choose such n. We have a
diagram with exact rows
0 −−−→ Kn −−−→ Gn −−−→ Mn −−−→ 0y
y
y
0 −−−→ K0 −−−→ G0 −−−→ H0 −−−→ 0
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in Ab(kfppf). Since the left vertical morphism Kn → K0 is zero, there exists a unique
morphism Mn → G0 splitting the right square into two commutative triangles. Applying
RP to the right square, we have a diagram
G −−−→ MRPn∥∥∥
y
G −−−→ H
with a morphism MRPn → G splitting the square into two commutative triangles. All
the morphisms in this square are monomorphisms since KRP0 = K
RP
n = 0 and the left
exactness of RP. Therefore G =MRPn in H . Consider the exact sequence
0→ Mn → Hn → Ln → 0
in Ab(kfppf). Since Mn is smooth, the morphism Hn → Ln is smooth. Therefore the
morphism H → LRPn is an epimorphism in Ab(kRP) by Proposition 8.8. Thus we have an
exact sequence
0→MRPn → H → L
RP
n → 0
in Ab(kRP). With G = M
RP
n , this shows that L = Coker(ϕ) is the relative perfection of
the quasi-compact smooth group scheme Ln (for this choice of n).
Now we treat the general case. As before, by Proposition 8.8, the exact sequence
0→M0 → H0 → L0 → 0
in Ab(kfppf) induces an exact sequence
0→MRP0 → H → L
RP
0 → 0
in Ab(kRP). Comparing this with the obvious exact sequence 0→M → H → L→ 0, we
have an exact sequence
0→M →MRP0 → L→ L
RP
0 → 0
in Ab(kRP). Consider the exact sequence of quasi-compact smooth group schemes
0→ K♮0 → G0 → G0/K
♮
0 → 0.
As before, by Proposition 8.8, applying RP yields an exact sequence in Ab(kRP). Hence
the relative perfection of G0/K
♮
0 is G/K
∼= M . Consider the exact sequence
0→ K0/K
♮
0 → G0/K
♮
0 →M0 → 0
in Ab(kfppf). We have (K0/K
♮
0)
♮ = 0. Therefore the morphism G0/K
♮
0 ։M0 is an example
of the special case treated above. It follows that the cokernel of its relative perfection
M → MRP0 in Ab(kRP) is the relative perfection of a quasi-compact smooth group scheme.
Hence the exact sequence
0→MRP0 /M → L→ L
RP
0 → 0
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in Ab(kRP) is a presentation of L as an extension between relative perfections of quasi-
compact smooth group schemes. Therefore Proposition 8.10 shows that L is a group
scheme relatively perfectly of finite type. 
Proposition 8.13. Let X be a relatively perfectly smooth k-scheme. Then X is the
disjoint union of irreducible components. If X is the relative perfection of a smooth k-
scheme X0, then the morphism X → X0 is faithfully flat and induces a bijection between
the irreducible components.
Here “disjoint union” means scheme-theoretic (or topological) disjoint union and not
just set-theoretic disjoint union. In particular, the proposition claims that the irreducible
components of X are open.
Proof. We may assume that X is the relative perfection of an affine k-scheme X0 that is
e´tale over some affine space Ank . Then RFk(X0) is given by X0×AnkRFk(A
n
k) by Proposition
2.5. The morphism RFk(A
n
k)→ A
n
k is given by the composite
RFk(A
n
k)
FR
Fk
(An
k
)/k
−→ RFk(A
n
k)
(p)
ρAn
k−→ Ank ;
see the paragraph after Lemma 2.3. The first morphism is a finite flat universal homeo-
morphism. An explicit calculation shows that the second morphism is a surjective k-linear
map of finite-dimensional k-vector groups. Therefore their composite RFk(A
n
k) → A
n
k is
faithfully flat with geometrically irreducible fibers. So is RFk(X0) → X0. Hence this
morphism induces a bijection between the irreducible components. Since the smooth k-
scheme X0 is the disjoint union of irreducible components by [Sta20, Tag 0357], it follows
that RFk(X0) is the disjoint union of irreducible components. Iterating this for R
n
Fk
(X0)
for all n, we get the result. 
Proposition 8.14. Let X be a relatively perfectly smooth k-scheme. Let ksep be a sep-
arable closure of k. Then the natural action of Gal(ksep/k) on the set of connected (or
irreducible) components π0(Xksep) has open stabilizer group at each point. View π0(Xksep)
as an e´tale scheme over k via this action. Then the natural morphism Xksep → π0(Xksep)
over ksep canonically descends to k, and the resulting morphism X → π0(Xksep) over k is
faithfully flat.
Proof. The statement about stabilizers reduces to the case where X is quasi-compact (or
even affine), in which case it follows from Proposition 8.13 and [Sta20, Tag 038E]. The
statements about descent and faithful flatness are standard. 
As usual, we frequently write this e´tale scheme π0(Xksep) simply by π0(X) by abuse of
notation. The points of the underlying topological space of the scheme π0(X) bijectively
correspond to the connected components of X .
The following shows that relatively perfectly smooth group schemes over k and relative
perfections of smooth group schemes over k are the same thing.
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Proposition 8.15. Let G be a relatively perfectly smooth group scheme over k. Then G
is the relative perfection of a smooth group scheme over k. The set of points of G whose
residue fields are finite separable extensions of k is dense in G.
Proof. Denote the identity component of G by G0. It is geometrically irreducible and
quasi-compact by [Sta20, Tag 0B7R]. The e´tale k-scheme π0(G) in Proposition 8.14 has
a canonical group scheme structure such that G → π0(G) is a group scheme morphism.
Its kernel is G0 since G0 is geometrically irreducible. Therefore π0(G) is the (fpqc) group
scheme quotient G/G0. By Proposition 8.7, the group G0 is the relative perfection of a
quasi-compact smooth group scheme H over k, which has to be connected by Proposition
8.13. The natural morphism G0 → H is affine faithfully flat by the proof of Proposition
8.13. Let N be its kernel. We have an exact sequence
0→ H → G/N → π0(G)→ 0
of smooth group schemes over k. Applying RP yields an exact sequence in Ab(kRP) since
H is smooth (Proposition 8.8). Hence G ∼= (G/N)RP, so G is the relative perfection of
the smooth group scheme G0 := G/N over k.
For the statement about density, we may assume that k is separably closed. For every
n, the group of rational points Rn
Fk
(G0)(k) ∼= G(k) is dense in R
n
Fk
(G0) since R
n
Fk
(G0) is
smooth. Taking the inverse limit in n, we know that G(k) is also dense in G. 
The precomposition with the inclusion functor (RPSSch/k) →֒ (RPSch/k) defines an
exact functor Ab(kRP)→ Ab(kRPS).
Proposition 8.16. Let G and H be relatively perfectly smooth group schemes over k. Let
j ≥ 0 be an integer. Consider the homomorphism
ExtjkRP(G,H)→ Ext
j
kRPS
(G,H)
induced by the exact functor Ab(kRP) → Ab(kRPS) above. This homomorphism is an
isomorphism.
Proof. LetM(A) be a choice of a Deligne-Scholze functorial resolution of an abelian group
A as in the proof of Proposition 8.10. Define a complex M(G) in Ab(kRP) to be the e´tale
sheafification of the complex of presheaves X 7→ M(G(X)) (where X runs over relatively
perfect k-schemes), which is a resolution of G. By restriction, this also defines a resolution
of G in Ab(kRPS). Consider the spectral sequences
Eij1 = Ext
j
kRP
(Mi(G), H) =⇒ Ext
i+j
kRP
(G,H),
Eij1 = Ext
j
kRPS
(Mi(G), H) =⇒ Ext
i+j
kRPS
(G,H).
The functor Ab(kRP) → Ab(kRPS) defines a morphism of spectral sequences from the
first one to the second one compatible with the E∞-terms. The E1-terms are described
by the cohomology of finite products of G with coefficients in H over Spec kRP and over
Spec kRPS. For any m ≥ 0, these sites give the same cohomology groups H
j(Gme´t, H).
Hence this morphism of spectral sequences is an isomorphism, and the result follows. 
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Proposition 8.17. The group schemes relatively perfectly of finite type over k form an
abelian subcategory of Ab(kRPS) closed under extensions.
Proof. This follows from Propositions 8.12 and 8.16. 
9. Construction of the relatively perfect cycle class map
Let K be a complete discrete valuation field of mixed characteristic (0, p) with residue
field k such that [k : kp] <∞. Denote its ring of integers by OK with maximal ideal pK .
We denote by GrRPn and Gr
RP the relatively perfect Greenberg functors with respect to
OK/p
n+1
K ։ k and OK ։ k, respectively. We denote the Kato canonical lifting functor
hOK simply by h. As we saw at the end of Section 3, for a relatively perfect k-algebra Q,
the OK-algebra h(Q) is characterized as a unique (up to unique isomorphism) complete
flat OK-algebra with h(Q)⊗OK k
∼= Q.
Proposition 9.1. Let X be an OK-scheme locally of finite type. Let n ≥ 0 be an integer.
(1) The k-scheme GrRPn (X) is locally relatively perfectly of finite type.
(2) Assume X is smooth. Then GrRPn (X) is relatively perfectly smooth over k. Con-
sider the morphism GrRPn+1(X) → Gr
RP
n (X). Zariski locally on Gr
RP
n (X), the
scheme GrRPn+1(X) is the relative perfection of an affine space. The morphism
GrRP(X)→ GrRPn (X) admits a section Zariski locally.
(3) Assume X is smooth. The natural morphisms induce bijections between the sets of
(open) irreducible components of GrRP(X), GrRPn (X), (X×OK k)
RP and X×OK k.
Proof. (1) This follows from the proofs of Lemmas 5.1 and 5.3 and Proposition 5.4.
(2) This follows from Propositions 5.5 and 6.4.
(3) This follows from (2) and Proposition 8.13. 
Definition 9.2. Let G be a group scheme over OK. Let n ≥ 1 be an integer. Define
UnGrRP(G) to be the kernel of the natural morphism GrRP(G)→ GrRPn−1(G).
This notation mimics the usual notation for the n-th principal units UnK = 1 + p
n
K .
Proposition 9.3. Let G be a smooth group scheme over OK . Let eK be the absolute
ramification index of K. Let n > eK/(p− 1) be an integer. Then the multiplication-by-p
map on GrRP(G) restricts to an isomorphism UnGrRP(G)
∼
→ Un+eKGrRP(G).
Proof. Let R be a relatively perfect k-algebra. We want to show that p : UnGrRP(G)(R)
∼
→
Un+eKGrRP(G)(R). Let A = h(R) be the Kato canonical lifting of R to OK . Then A is a
complete flat OK-algebra with A/ApK ∼= R. The group of R-valued points U
nGrRP(G)(R)
is the kernel of the map G(A)։ G(A/ApnK), so what we want to show is
p : Ker
(
G(A)։ G(A/ApnK)
) ∼
→ Ker
(
G(A)։ G(A/Apn+eKK )
)
.
If R = k and hence A = OK , then this statement is true by [Ser06, Part II, Chapter IV,
Section 9, Theorem 4]. The same proof works for a general R. 
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Proposition 9.4. Let G be a smooth group scheme over OK such that the group of
geometric points of π0(G ×OK k) is finitely generated. Then for any integer m ≥ 0, the
sheaf GrRP(G)/pmGrRP(G) ∈ Ab(kRP) is an affine group scheme relatively perfectly of
finite type over k.
Proof. For n′ > eK/(p− 1), the natural morphism
GrRP(G)/pmGrRP(G)→ GrRPn′+meK−1(G)/p
mGrRPn′+meK−1(G)
in Ab(kRP) is an isomorphism by Propositions 9.1 (2) and 9.3. Write n = n
′+meK−1. We
have π0(Gr
RP
n (G))
∼
→ π0(G ×OK k) by Proposition 9.1 (3). Hence its group of geometric
points is finitely generated and GrRPn (G)
0 = GrRPn (G
0) is relatively perfectly of finite type
over k. The connected-e´tale sequence for GrRPn (G) induces an exact sequence
π0(Gr
RP
n (G))[p
m]→ GrRPn (G)
0/pmGrRPn (G)
0
→ GrRPn (G)/p
mGrRPn (G)→ π0(Gr
RP
n (G))/p
mπ0(Gr
RP
n (G))→ 0
in Ab(kRP), where [p
m] denotes the part killed by pm. All the terms except GrRPn (G)/p
mGrRPn (G)
are already shown to be group schemes relatively perfectly of finite type over k. Hence
so is GrRPn (G)/p
mGrRPn (G) by Proposition 8.12. By Proposition 8.7, this group is the rel-
ative perfection of a quasi-compact smooth group scheme H0 over k. Since the canonical
map HRP0 → H0 is a faithfully flat morphism of k-group schemes by Remark 2.4 (2) and
Proposition 8.13, H0 is killed by p
m. A connected smooth group scheme over k killed by
a power of p is affine by [BLR90, Section 9.2, Theorem 1]. Hence GrRPn (G)/p
mGrRPn (G)
is extension of a finite group scheme by an affine one, thus affine. 
For any m ≥ 0, recall the nearby cycle functor RmΨ: Ab(KEt) → Ab(kRPS) from
[KS19, Section 3]:
Definition 9.5. Let F ∈ Ab(KEt) be a sheaf. Let m ≥ 0. Define R
mΨF ∈ Ab(kRPS) to
be the e´tale sheafification of the presheaf
R 7→ Hm(h(R)K , F ),
where R runs over relatively perfectly smooth k-algebras and h(R)K = h(R) ⊗OK K is
the generic fiber of the Kato canonical lifting h(R). The functors {RmΨ}m≥0 form a
cohomological functor.
Actually this is a proposition [KS19, Corollary 3.3] rather than the definition itself in
[KS19, Section 3]. The above characterization is sufficient for this paper.
The following proves Theorem 1.2 (1).
Proposition 9.6. Let N be a p-primary finite Galois module over K. For any m ≥ 0,
the sheaf RmΨN ∈ Ab(kRPS) is an affine group scheme relatively perfectly of finite type
over k.
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Proof. Let L/K be a finite Galois extension containing a primitive p-th root of unity
ζp such that N has trivial Galois action over L. Let M be a subextension of L/K
corresponding to a p-Sylow subgroup of Gal(L/K). We have ζp ∈ M . Let k
′ be the
residue field of M , which is a finite, not necessarily separable extension of k. For a
relatively perfect k′-algebra R′, let hOM (R′) be the Kato canonical lifting of R′ to OM
and set hOM (R′)M = h
OM (R′)⊗OM M . Let R
mΨM : Ab(MEt)→ Ab(k
′
RPS) be the nearby
cycle functor forM . For any integer q ≥ 0, let Ωqk′ = Ω
q
k′/Fp
be the module of q-th absolute
Ka¨hler differentials of k′. As [k′ : k′p] < ∞, this is a finite-dimensional vector space over
k′. We view it as a relatively perfect group scheme over k′ isomorphic to the relative
perfection of a finite direct sum of the additive algebraic group over k′. Let Ωqk′,d=0 be the
kernel of the differential d : Ωqk′ → Ω
q+1
k′ . Let C : Ω
q
k′,d=0 → Ω
q
k′ be the Cartier operator
([Ill79, Chapter 0, Section 2.1]) as a morphism of sheaves on Spec k′RP ([Kat86, Section
3]). By restriction, it defines a morphism of sheaves on Spec k′RPS, which we denote by
the same symbol C. Let ν(q)k′ be the kernel of C−1: Ω
q
k′,d=0 → Ω
q
k′ . It is an affine group
scheme relatively perfectly of finite type over k′ by Proposition 8.17.
Since Gal(L/M) is a p-group and N is p-primary, [Ser79, Chapter IX, Section 4, Lemma
4], (ii) ⇒ (i), shows that if the part of N killed by p is non-zero, then it contains a copy
of the trivial Gal(L/M)-module Z/pZ. It follows that the Gal(L/M)-module N admits
a filtration whose successive subquotients are isomorphic to the trivial Galois module
Z/pZ. Since ζp ∈ M , any Tate twist of Z/pZ over M is isomorphic to Z/pZ. By [KS19,
Proposition 6.1], we know that RmΨM(Z/pZ) admits a filtration where every successive
subquotient is isomorphic to either Ωqk′ , dΩ
q
k′ or v(q)k′ for some q (and this q depends on
the subquotient). Hence by Proposition 8.17, we know that RmΨMN is an affine group
scheme relatively perfectly of finite type over k′.
Let RM/K : Ab(MEt) → Ab(KEt) and Rk′/k : Ab(k
′
RPS) → Ab(kRPS) be the Weil re-
striction functors. They are exact functors. The sheaf RmΨK(RM/K(N)) ∈ Ab(kRPS) is
the e´tale sheafification of the presheaf
R 7→ Hm(hOK (R)K ,RM/K(N)) ∼= H
m(hOK (R)K ⊗K M,N),
where R runs over relatively perfectly smooth k-algebras. The functor Rk′/k commutes
with e´tale sheafification by Lemma 9.7 below. Hence the sheaf Rk′/k(R
mΨM(N)) ∈
Ab(kRPS) is the e´tale sheafification of the presheaf
R 7→ Hm(hOM (R⊗k k
′)M , N).
These sheaves are canonically isomorphic since hOK (R) ⊗OK OM is a complete flat OM -
algebra whose reduction is R⊗k k
′ and so gives the Kato canonical lifting hOM (R⊗k k
′).
Since RmΨM(N) is an affine group scheme relatively perfectly of finite type over k
′, its
Weil restriction to k is an affine group scheme relatively perfectly of finite type over k.
Therefore RmΨK(RM/K(N)) is an affine group scheme relatively perfectly of finite type
over k.
Since [M : K] is prime to p and N is p-primary, we know that N is a direct summand
of RM/K(N) as Gal(L/K)-modules or in Ab(KEt). Hence R
mΨK(N) is a direct summand
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of RmΨK(RM/K(N)). By Proposition 8.17, we know that R
mΨK(N) is an affine group
scheme relatively perfectly of finite type over k. 
Lemma 9.7. Let k′/k be a finite extension.
(1) Let R be a k-algebra. Let S ′ be a faithfully flat e´tale R ⊗k k
′-algebra. Then there
exist a faithfully flat e´tale R-algebra S and an R ⊗k k
′-algebra homomorphism
S ′ → S ⊗k k
′.
(2) Let Rk′/k : Ab(k
′
RPS) → Ab(kRPS) be the Weil restriction functor. Denote its
restriction of the presheaf categories by the same symbols Rk′/k. Denote the e´tale
sheafification functor by a. Let P be a presheaf on Spec k′RPS. Then the natural
morphism a(Rk′/k(P ))→ Rk′/k(a(P )) is an isomorphism.
Proof. (1) Take SpecS = RR⊗kk′/R(SpecS
′), which is faithfully flat e´tale over R by
[CGP15, Proposition A.5.2 (4), Corollary A.5.4 (1)]. Then the counit of adjunction
defining the Weil restriction gives an R⊗k k
′-algebra homomorphism S ′ → S ⊗k k
′.
(2) The e´tale sheafification functor a is given by the zeroth e´tale Cˇech cohomology
presheaf functor Hˇ
0
applied twice ([Mil80, Chapter III, Remark 2.2 (c)]). Hence it is
enough to show that the natural morphism Hˇ
0
(Rk′/k(P )) → Rk′/k(Hˇ
0
(P )) is an iso-
morphism. Let R be a relatively perfectly smooth k-algebra. The value of the presheaf
Hˇ
0
(Rk′/k(P )) at R is given by
(9.8) lim
−→
S/R
Ker
(
P (S ⊗k k
′)→ P ((S ⊗R S)⊗k k
′)
)
,
where S runs through faithfully flat e´tale R-algebras (and we introduce an equivalence
relation on the category of such algebras by mutual refinements as in [Mil80, Remark 2.2
(a)]). Note that (S ⊗R S) ⊗k k
′ can also be written as (S ⊗k k
′) ⊗R⊗kk′ (S ⊗k k
′). The
value of the presheaf Rk′/k(Hˇ
0
(P )) at R is given by
(9.9) lim−→
S′/R⊗kk′
Ker
(
P (S ′)→ P (S ′ ⊗R⊗kk′ S
′)
)
,
where S ′ runs through faithfully flat e´tale R ⊗k k
′-algebras. We have a natural homo-
morphism from (9.8) to (9.9) given by the map S 7→ S ⊗k k
′ on the index sets. This
map is cofinal by Statement (1) (after the equivalence relation indicated above). There-
fore this homomorphism is an isomorphism. Thus Hˇ
0
(Rk′/k(P )) → Rk′/k(Hˇ
0
(P )) is an
isomorphism. 
For a group scheme G over OK , the scheme Gr
RP(G) as a functor in relatively perfect
k-algebras R is given by R 7→ G(h(R)). The sheaf R0Ψ(G ×OK K) ∈ Ab(kRPS) is the
e´tale sheafification of the presheaf R 7→ G(h(R)K), where R runs over relatively perfectly
smooth k-algebras. Therefore we have a canonical morphism
GrRP(G)→ R0Ψ(G ×OK K)
in Ab(kRPS).
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Definition 9.10. Let G be a semi-abelian variety over K with Ne´ron model G. Let m ≥ 0
be an integer. Consider the exact sequence 0 → G[pm] → G
pm
→ G → 0 and the induced
morphisms
GrRP(G)/pmGrRP(G)→ (R0ΨG)/pm(R0ΨG)→ R1Ψ(G[pm])
in Ab(kRPS). Define a morphism
clp,m : Gr
RP(G)/pmGrRP(G)→ R1Ψ(G[pm]).
by the composite of the above two morphisms. We call it the relatively perfect cycle class
map mod pm for G (in degree 1).
Note that it is not clear whether GrRP(G) → R0ΨG is an isomorphism or not. Also
note that the Bhatt-Gabber algebraization theorem used in Section 6 is crucial here: there
is a priori no morphism from the inverse limit lim←−n G(h
OK/p
n
K (R)) to G(hOK (R)K). We
identified the former with G(hOK (R)) by the aforementioned theorem and then used the
morphism from G(hOK (R)) to the latter.5 The representability of GrRP(G) was proved by
using its inverse limit presentation lim←−nGr
RP
n (G).
Proposition 9.11. Let the notation be as in Definition 9.10.
(1) The morphism clp,m is a closed immersion between affine group schemes relatively
perfectly of finite type over k.
(2) Let ksep be a separable closure of k. Let Kur be the corresponding unramified
extension of K with completion Kˆur. Then the ksep-valued points of the exact
sequence
0→ GrRP(G)/pmGrRP(G)
clp,m
→ R1Ψ(G[pm])→ Coker(clp,m)→ 0
is canonically isomorphic to the exact sequence
0→ G(Kˆur)/pmG(Kˆur)→ H1(Kˆur, G[pm])→ H1(Kˆur, G)[pm]→ 0
coming from the Kummer sequence for G.
(3) Assume that H1(Kˆur, G)[p∞] = 0. Then the morphism clp,m is an isomorphism.
This includes the case of G = Gm.
Proof. (1) The group of geometric points of π0(G ×OK k) is finitely generated as proven
for example in [HN11, Proposition 3.5]). Hence the sheaves GrRP(G)/pmGrRP(G) and
R1Ψ(G[pm]) are affine group schemes relatively perfectly of finite type over k by Propo-
sition 9.4 and Proposition 9.6, respectively. Their sets of points whose residue fields are
5This means that if we do not use the Bhatt-Gabber theorem and instead use the Greenberg trans-
form of the formal completion of G along the special fiber, namely R 7→ lim
←−n
G(hOK/p
n
K (R)), then
the target of the cycle class map will have to be the e´tale sheafification of some rigid-analytic ver-
sion R 7→ “H1
(
(Spf h(R))rigK , G[p
n]
)
”. Note that the canonical lifting h(R) is highly non-noetherian.
Therefore it would take much effort to make this precise and prove the representability of this e´tale
sheafification.
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finite separable extensions of k are dense by Proposition 8.15. Therefore it is enough to
show that the map is injective on k′-valued points for every finite separable k′/k. The
map
(9.12) G(h(k′))/pmG(h(k′))
∼
→ G(h(k′)K)/p
mG(h(k′)K)→ H
1(h(k′)K , G[p
m])
is injective. Here the first isomorphism comes from the universal property of Ne´ron models
since h(k′) is e´tale over the henselian ring h(k) = OK by Remark 3.1 (2). Hence the result
follows.
(2) Note that h(k′)K for a finite separable k
′/k is the finite unramified extension of K
with residue extension k′/k. Hence the results follows from (9.12).
(3) This follows from the previous two statements. 
This proposition, together with the next definition, proves Theorem 1.2 (2). Recall
from Remark 2.4 (2) that a filtered inverse limit of affine relatively perfect group schemes
is an affine relatively perfect group scheme.
Definition 9.13. Let G be a semi-abelian variety over K with Ne´ron model G.
(1) The relatively perfect cycle class maps clp,m mod p
m form a direct system in m via
natural morphisms. Define a morphism
clp,∞ : Gr
RP(G)⊗Z Qp/Zp →֒ R
1Ψ(G[p∞])
in Ab(kRPS) to be its direct limit (where [p
∞] denotes the p-primary torsion part).
We call it the relatively perfect cycle class map ⊗Qp/Zp.
(2) Define R1Ψ(TpG) to be the inverse limit in n of the relatively perfect affine group
schemes R1Ψ(G[pn]) over k.
(3) The morphisms clp,m also form an inverse system in m via other natural mor-
phisms. Define a morphism
cl∧p : Gr
RP(G)∧p →֒ R1Ψ(TpG)
to be the inverse limit as a morphism of relatively perfect affine group schemes
over k. We call it the relatively perfect p-adic cycle class map.
(4) Define a morphism
clp : Gr
RP(G)→ R1Ψ(TpG)
to be the composite of the natural morphism GrRP(G) → GrRP(G)∧ and the mor-
phism cl∧p above. We call it the relatively perfect cycle class map for G (in degree
1). It is a morphism of relatively perfect group schemes over k.
Proposition 9.11 (2) proves Theorem 1.2 (3). Proposition 9.11 (1), together with the
following proposition, proves Theorem 1.2 (4):
Proposition 9.14. Let G = T be a torus over K with Ne´ron model T . Then Coker(clp,m)→
Coker(clp,m+1) is a closed immersion for all m and an isomorphism for all large m. In
particular, Coker(clp,∞) is a group scheme relatively perfectly of finite type over k and cl
∧
p
is an isomorphism.
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Proof. It is enough to show that Coker(clp,m)(k
sep)→ Coker(clp,m+1)(k
sep) is an injection
for all m and an isomorphism for all large m. We have
Coker(clp,m)(k
sep) ∼= H1(Kur, T )[pm]
by Proposition 9.11 (2). Hence the injectivity follows. For the invertibility for large m, we
may assume that k is separably closed and it is enough to show that H1(K, T ) is killed
by multiplication by some positive integer. Let L/K be a finite Galois extension that
trivializes T . Set G = Gal(L/K). The exact sequence
0→ H1(G, T (L))→ H1(K, T )→ H1(L, T )G
and the vanishing of H1(L,Gm) shows that H
1(G, T (L))
∼
→ H1(K, T ). The group
H1(G, T (L)) is killed by multiplication by [L : K]. This proves the result. 
This finishes the proof of Theorem 1.2.
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